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This thesis addresses the issue of low power at large scales in the Cosmic Mi-
crowave Background (CMB) temperature anisotropy power spectrum. This 
low power, seen in data from the WMAP satellite, is in conflict with the pre-
dictions of the standard flat ACDM model, which features an enhancement of 
power at those scales. A number of alternative cosmological models predicting 
low power at the desired scales have been proposed. Among them, models 
consisting of a minor modification of the standard model are considered and 
their statistical significance assessed using Bayesian techniques. The evidence 
in favour of these models proves to be low, even if their contrivance is disre-
garded. Moreover, we establish the fact that the temperature anisotropy power 
spectrum does not provide enough information to probe large scale physics. 
This motivates us to consider the possibility that the power deficit at large 
scales can be attributed to a non-trivial topology (without changing the physics 
governing the evolution of CMB anisotropies). In this context, power at large 
scales is suppressed naturally as a consequence of the Universe being finite. In 
addition, the intrinsic anisotropy of such spaces introduces anisotropic tem-
perature correlations encoded in a correlation matrix, which then holds much 
more information than the power spectrum. We assume that the Universe 
is slightly closed (but still in agreement with the WMAP data) and discuss 
the implications for the CMB in each of the simplest multi-connected spheri-
cal manifolds. CMB sky maps and observables are constructed and the same 
Bayesian techniques are employed to compare the models in question with the 
standard cosmological model. We find that a power spectrum analysis tends 
to favour some of the multi-connected topologies, but when the full correlation 
matrix is taken into account, the standard model proves more probable. 
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Chapter 1 
Introduction 
The desire for knowledge is a fundamental characteristic of the human na-
ture. It directed the first steps toward the development of physical sciences 
early in the 6th century BC and has been driving the never-ending evolution 
of the many fields of science that sprang therefrom and aim to understand 
and describe the world we live in. In the essence of this continuous search 
for knowledge lies the branch of astrophysics concerned with the nature and 
evolution of the Universe as a whole, cosmology. For the most part of hu-
man history, cosmology remained in the realms of mythology and religion. A 
few basic facts regarding our solar system and the positions of stars had been 
known (or hypothesised) since antiquity, but science had always been limited to 
a phenomenological description of our immediate surroundings, putting aside 
any questions on their origin or evolution. 
It was only during the last century that metaphysics began to loosen its 
grasp on cosmology. The revolutionary physics theories born at the beginning 
of the 20th century together with the first observations revealing properties of 
the observable Universe (i.e. the expansion observed by Hubble in the 1920's) 
21 
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laid the grounds for the emergence of cosmology as a science. Out of the early 
work in this field came a general consensus model, the hot Big Bang, which 
made predictions confirmed by observations, but is still incomplete and suffers 
from a number of discrepancies. 
Near the turning of the century, our technological advancements made pos-
sible observations at higher redshifts and on a greater scale than ever before, 
providing us with snapshots of the Universe at different ages. This allows us 
to trace back its evolution to some extent and probe some of its properties, 
fuelling a wealth of theoretical research. One of the key accurate observations 
we were able to make was that of the Cosmic Microwave Background (CMB). 
CMB experiments play a crucial role in our understanding of the Universe: not 
only does the CMB give us an insight into the epoch of decoupling, it also car-
ries information about the space it traverses to reach us and bears the imprint 
of processes that happened before radiation and matter decoupled (generation 
of primordial perturbations). The 1990s saw many experiments dedicated to 
the measurement of the CMB, mostly ground-based and balloon-borne. The 
first detection of CMB anisotropy was by the DMR instrument on the COBE 
satellite [1, 2], which was launched in 1989 and measured temperature fiuctu-
ations at large scales. However, the most ambitious CMB experiment to date 
has been the WMAP satellite, launched in 2001 and still in operation. 
In early 2003 the first set of data from WMAP was released and the analysis 
performed by the WMAP team pointed to a disagreement between the obser-
vations and the predictions of the standard cosmological model at large scales. 
This much-debated controversy is what motivated the work presented in this 
thesis. We explore some possible explanations and apply statistical methods 
to infer their plausibility, focusing on the possibility that the discrepancy can 
be alleviated by the hypothesis of a non-trivial topology. In particular this 
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thesis is organised as follows: 
We begin by an overview of the commonly accepted theory of the hot 
Big Bang, discuss its most important shortcomings and present the currently 
favoured model overcoming them, namely inflation. The theory of inflationary 
perturbations is also briefly touched upon, since it is now the prevailing mech-
anism of generation of the primordial perturbations that seeded the now ob-
served CMB fluctuations. Then, we delve into the physics of CMB anisotropies 
and analyse the most important processes generating and affecting them. 
In the second chapter we give an account of CMB experiments. An em-
phasis is placed on the results from WMAP demonstrating the aforementioned 
problem at large scales. We also mention some key concepts of data analysis 
techniques and describe the statistical methods we will be using later on. 
The third chapter focuses on a set of possible explanations of the discrep-
ancy between theory and observations. It consists of models proposing some 
minor modifications to the standard model and also considers the assumption 
that the discrepancy could be a result of data analysis systematics. All propo-
sitions are then tested by means of Bayesian model comparison and based 
on their predictions with regards to the CMB temperature anisotropy power 
spectrum. 
The remainder of this thesis is dedicated to the hypothesis of a non-trivial 
topology. The fourth chapter presents some fundamental concepts in topol-
ogy and then discusses the particular properties of the topological spaces we 
consider as alternatives to the trivial topology. 
The following chapter contains the implications of a non-trivial topology 
for the CMB on a theoretical level and the imprints of such a topology on 
CMB observables. In particular, we discuss how topology afl'ects the CMB 
anisotropics' formation and propagation and show how to implement these 
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changes. Then, we present the effects of non-trivial topology on the CMB 
temperature anisotropy correlation matrix and power spectrum and show some 
simulated CMB maps. 
After discussing the effects on CMB observables, we use them to test the 
assumption of non-trivial topologies. We perform Bayesian model comparison 
using both the power spectrum and the correlation matrix, in order to find 
out if the data prefers a non-trivial topology. While this thesis was being 
completed, the WMAP team released the cumulative data from the 3-year op-
eration of the satellite, so we included them in our analysis as well. We discuss 
our results and conclude with some remarks on possible future directions of 
this research. 
Chapter 2 
Overview of CMB anisotropies 
2.1 Fundamentals of Big Bang cosmology 
The most widely accepted model describing the evolution of the early Universe 
is the so-called Big Bang model, which was first developed in the 1940's. It 
postulates that the Universe emerged in a state of extremely high density and 
temperature and has been expanding adiabatically ever since. By extrapolat-
ing our current physics notions to the past, we are in a position to describe 
the processes occuring in the early Universe back to the Planck era (10""^ ^ sec 
after the Big Bang), at which point quantum corrections to general relativity 
render it invalid. At that moment gravity decoupled from the other funda-
mental forces and during the next 10"^^ sec the Universe underwent further 
phase transitions that separated the rest. The GUT phase transition occured 
~ 10"^ ® sec after the Big Bang and the electroweak phase transition at 10"^^ 
sec. Another phase transition happened at t ~ 10~® sec, which is associated 
with chiral symmetry breaking and colour confinement and left baryons and 
mesons as the strongly interacting particles. The next crucial event was nucle-
25 
2. Overview of CMB anisotropies 26 
osynthesis, which took place at f ~ 10"^ — 10^ sec and resulted in the forma-
tion of light nuclei (hydrogen, helium and traces of lithium). Nucleosynthesis 
constitutes the earliest detailed observational test of standard cosmology; the 
light element abundances derived in the framework of nucleosynthesis have 
been confirmed by observations, thus adding to the credibility of the Big Bang 
model. Around 10^ ^ sec after the Big Bang the density of matter became equal 
to that of radiation, signaling the advent of matter domination and the start of 
structure formation. Up to that time the dynamics of the expansion had been 
governed by radiation, but since radiation dilutes more rapidly than matter, 
the latter would at some point take over. After that, at t 10^ ® sec, the 
Universe became transparent to radiation. The expansion had caused photons 
to lose enough energy for the first neutral atoms to form. Those photons, 
having ceased to interact with matter, have since then been roaming the Uni-
verse virtually unimpeded, their wavelength ever increasing as a consequence 
of the expansion. They now lie in the microwave region of the electromagnetic 
spectrum with a temperature of 2.276 K and constitute the Cosmic Microwave 
Background (CMB). The existence of the CMB was one of the key predictions 
of the Big Bang model and its discovery in 1964 provided further evidence 
in favour of this model. In the following, we shall present some fundamen-
tal concepts of the physics of CMB anisotropies, see how various cosmological 
parameters map onto CMB observables and look into a puzzling discovery in 
recent large scale CMB data and its implications for standard cosmology. 
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2.2 Inflation 
2.2.1 The need for inflation 
The key predictions of the Big Bang model, namely the expansion of the 
Universe, the abundances of light elements and the existence of the CMB, 
have been observationally verified, granting it enormous success. There are 
however, some intriguing observations that cannot be accounted for within its 
framework. They are related to the initial conditions of the Big Bang and 
are regarded as its fundamental caveats. They are known as the flatness, the 
horizon and the unwanted relics problems. 
The flatness problem 
Current observations suggest that the mean curvature of the Universe is very 
close to zero. Its total density evolves with time as: 
(2.1) 
where is the ratio of the density of the Universe to its critical density (the 
density required to render it flat) and K, a and H = d/a are the curvature, 
the scale factor and the Hubble parameter respectively. The combination aH 
is the comoving Hubble length (the Hubble length determines the scale over 
which causal processes are possible). During all the time of standard Big 
Bang evolution is moving away from 1. However, at present we know 
that Qq does not differ from unity by more than an order of magnitude, which 
implies that earlier in the history of the Universe, |0 — 1| was much closer to 
unity. More specifically, |n — 1| at the Planck time must have been less than 
Conversely, its curvature radius must have exceeded the Hubble radius 
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by more than 10^° times. Were these quantities infinitesimally different from 
the aforementioned values, the Universe would have either recollapsed within 
a few Planck times after its birth or expanded much too fast for any structure 
to form. The fact that it has survived for some 14 billion years suggests that 
the initial conditions must have been extremely finely tuned to accommodate 
its present state. 
The horizon problem 
The radius of the particle horizon, which defines the maximum size of a causally 
connected area, at any given time is: 
Around the time of recombination the comoving particle horizon was about 100 
Mpc in size, corresponding to an angle of 1 degree in the sky. Areas with an 
angular separation of more than a degree must have been causally disconnected 
at that time. Yet, the CMB has temperature fluctuations of the order of 10"^ 
on angular scales from 10" to ISOdeg. This smoothing of fluctuations should 
have been achieved via some microphysical mechanism and this could of course 
only take place in causally connected areas. How is it then, that all these 
disconnected patches on the sky have come to be so homogeneous? The Big 
Bang model provides no explanation to this paradox. 
The unwanted relics problem 
According to most unified theories, the early Universe underwent a series of 
phase transitions. At the end of each such phase, a certain particle species was 
produced according to the type of symmetry breaking that took place, such as 
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monopoles, domain walls, strings and textures. The presence of some of these 
phase transition relics would dramatically increase the total energy density, 
forcing the Universe to recollapse long before we came to exist. 
Other shortcomings 
Another issue of standard cosmology, somewhat related to the large-scale ho-
mogeneity of the Universe, is its obvious small-scale inhomogeneity. While the 
Universe appears to be smooth on very large scales, there is a wealth of struc-
ture on scales up to at least 100 Mpc (stars, galaxies, clusters, etc). Although 
we have a well-developed theory describing the process of structure formation 
starting from small matter inhomogeneities in the matter dominated era and 
the CMB pattern provides indeed a snapshot of those inhomogeneities at the 
epoch of decoupling, standard cosmology cannot account for their origin. 
Since most of these problems are related to the initial conditions of the Uni-
verse, it had long been thought that the answer lies within quantum gravity. 
The conditions right after the Planck time that led to the classical evolution of 
the Universe we can more or less describe must have been set in the quantum 
gravity era and cannot be studied unless a concrete theory of quantum gravity 
is formulated. In the 1980's though, the idea emerged that this initial condi-
tions could be related to a much lower energy scale (~ 10^ ^ GeV). This idea 
spawned the inflationary paradigm; although still lacking a firm theoretical 
basis (in the sense that it cannot be realised within the context of a particle 
physics model), it provides a means to tackle these problems in a more con-
crete context and the continuing efforts for the development of an inflationary 
scenario within the context of some unifled theory might one day result in a 
well defined and robust model. 
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2.2.2 Basic inflationary scenario 
The inflationary scenario was first put forward by Alan Guth [3] in 1980 as a 
solution to the monopole problem. Guth's original model, now known as 'old 
inflation', was shown not to be viable and was replaced by the 'new inflation' 
model [4, 5]. Both scenarios regarded inflation as a result of a phase transition 
(first-order in the former case, second-order in the latter). A different approach 
was adopted in 'chaotic inflation', that appeared soon after ([6, 7]). Since 
then, inflation has been the subject of extensive research with a multitude of 
models aspiring to overcome the caveats of the Big Bang theory and be verified 
by observations. Let us now review the main concepts of the inflationary 
mechanism. 
The term 'inflation' signifies any period for which the expansion of the 
Universe is accelerated 
a > 0 . (&3) 
Another, equivalent formulation states that inflation is a period for which: 
I (s^ ) < ° • (2 4) 
which means that during inflation the comoving Hubble length de-
creases with time. Now, if we recall the second Priedmann equation, 
- = —-^7rG{p + 3p) , (2.5) 
where p and p are the density and pressure of the species driving the expansion. 
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and take into account the definition of inflation (a > 0), it follows that: 
p + 3p < 0 . (2.6) 
The density p is always positive by definition, so Eq. (2.6) implies that the 
medium responsible for infiation has a negative pressure. 
Inflation can solve the flatness problem by deflnition, as Eq. (2.4) shows 
that the space becomes more and more flat. The notion of a decreasing Hubble 
length can also overcome the horizon problem, since it ensures that the area of 
the Universe in causal contact before inflation is much larger than the part of 
the Universe visible today. This is schematically pictured in Figures 2.1, 2.2. 
Finally, the density of any unwanted relics gets diluted during the infla-
tionary expansion and their generation at the end of inflation can be avoided 
if the temperature is low enough. 
Not only does this accelerated expansion overcome the main caveats of the 
original Big Bang model, it also provides a mechanism for the generation of 
the initial perturbations that led to the growth of large scale structure. In 
its generic form, the inflationary scenario invokes a scalar field, the inflaton 
(often denoted as 0), which is responsible for the accelerated expansion and 
whose quantum fluctuations seed the matter and radiation inhomogeneities. 
The Lagrangian of such a field would be 
c = - V(4,) (2.7) 
and from its energy-momentum tensor, 
, (2.8) 
















Figure 2.1: Effect of inflation on the evolution of physical and comoving scales. A 
scale initially smaller than the Hubble length can exceed it by the end of inflation. 
Prom [8]. 






Figure 2.2: The inflationary solution to the horizon problem: before inflation, the 
yellow area lies within the Hubble horizon and is in causal contact. During inflation 
the Hubble length shrinks and its subsequent growth after inflation still leaves the 
observable Universe within the initial patch. Prom [9]. 
we obtain its energy density and pressure; 
(2.9) 
(2 .10) 
which has p < 0 for a static field, and p = —p if the field has no spatial variance 
either (0 = = 0). In almost all versions of infiation, the infiaton slowly 
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rolls down its potential heading for its minimum. The classical equation of 
motion for (j) is 
+ + ^ = 0 . (2.11) 
In the so-called slow-roll approximation, the standard approach to inflationary 
dynamics, we assume that |0| is negligible compared to the friction term and 
the derivative of the potential in the equation of motion for 0. The slow-roll 
conditions can be expressed via the following parameters: 
" = ^  ( v ) 
and slow-roll requires that e <C 1 and |7^ | <K 1. These conditions are sufficient 
for inflation to occur. During that time the expansion of the Universe is 
vacuum-dominated and the scale factor increases exponentially. 
After a certain amount of time, inflation must come to an end and let stan-
dard cosmology take over. Typically, this happens when e and \r]\ approach 
unity as a result of the time evolution of 0 (although in some models such as 
hybrid inflation, the inflationary era ends without any violation of the slow-roll 
conditions). In the illustration of Fig. 2.3 inflation ends as </> reaches the mini-
mum of its potential and begins to oscillate around it, thus becoming a massive 
particle which can eventually decay into relativistic particles. The duration of 
this phase depends on the type of particles the inflaton decays into: on the one 
hand, if only fermions are created, reheating could last relatively long, because 
the decay time for such particles could exceed the Hubble time. On the other 
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V{(p) 
(P 
Figure 2.3: Illustration of inflation. During inflation the inflaton rolls down an 
almost flat potential. Inflation comes to an end as the inflaton reaches the minimum 
and begins to oscillate around it. 
hand, if the inflaton decays into bosons, the decay is accomplished through 
parametric resonance and is very fast. This phase is known as preheating and 
is followed by further particle creation and thermalisation. Once the particles 
created during reheating (and/or preheating) reach thermal equilibrium, the 
standard Big Bang cosmology takes over. 
This is the generic inflationary scenario, which involves only one field, the 
inflaton (j). The 'chaotic' and 'new' inflation models belong to this category. 
The energy scales for those are quite different, with the inflaton being sev-
eral times Mpianck during inflation in the former scenario, while 0 is at most 
MPlanck in the latter. Simple chaotic inflationary models involve monomial 
or exponential forms of the potential New inflation models can have 
polynomial, or even exponential potentials, dominated by a constant. 
There is also another broad class of inflationary models, termed 'hybrid 
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inflation' ([10]). Here, the potential involves another field, ip, which is not slow-
rolling and gives the main contribution to the energy density. The two fields, 
(j) and ip, are coupled. Hybrid inflation can be implemented in supersymmetric 
theories. All the aforementioned models are covered in greater detail in e.g. 
[11, 12, 13, 14, 15]. 
2.3 Overview of cosmological perturbations 
CMB anisotropies play a crucial role in our efl'ort to trace back and explain 
the enormous wealth of structure in the Universe. The currently more or less 
accepted mechanisms of generating the primordial anisotropies imprinted on 
the CMB fluctuations are inflation and topological defects. These primordial 
perturbations are stretched to wavelengths exceeding the Hubble radius during 
the inflationary era and reenter the horizon at later times, when inflation has 
ceased and the continuously increasing Hubble radius reaches their wavelength. 
Perturbations within the horizon can be treated in a Newtonian context, but 
this is not the case with perturbations at scales larger than horizon. Their 
evolution can only be described by means of general relativity and this brought 
to the surface the issue of gauge freedom. Let us sketch the nature of their 
problem: 
A choice of coordinates deflnes a threading of space-time into lines (corre-
sponding to fixed spatial coordinates) and a slicing into hypersurfaces (corre-
sponding to fixed time). In an unperturbed universe, the standard threading is 
that which corresponds to comoving observers, since they are free-falling and 
the expansion defined by them is isotropic. The slicing is orthogonal to the 
threading and the Universe is homogeneous on each slice. However, in a per-
turbed universe there is no system of coordinates featuring all these desirable 
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properties. Consequently, there is no uniquely preferred choice of coordinates 
and the only constraint placed on a particular choice is that the coordinates 
reduce to the standard ones in the limit of an unperturbed universe. A gauge 
is a choice of coordinates satisfying this criterion. A few gauges with useful 
properties have been suggested and choosing among them is a matter of taste 
and numerical convenience. Gauges are related to one another via coordinate 
transformations, therefore making it possible for a given perturbation to have 
different growth rates in different gauges, or to disappear by use of a particular 
gauge system. 
The ambiguities associated with gauge freedom motivated Bardeen to in-
troduce a gauge-invariant formalism ([16, 17]). In 1992 Mukhanov, Feldman 
and Brandenberger adopted the so-called Newtonian (or longitudinal) gauge 
([18]), which is particularly useful for studying scalar perturbations. In or-
der to formulate a theory describing the evolution of perturbations we assume 
that they are small, so that a linear analysis is sufficient. The linear the-
ory of perturbations has been developed and reviewed by many authors (e.g. 
[19, 20, 21, 22, 23, 17, 18, 24]). This section is a brief review of perturbations in 
the metric and the energy-momentum tensor, based mainly on [25, 24, 26, 27]. 
2.3.1 Perturbations of the metric and the energy-momentum 
tensor 
The metric of a perturbed FLRW spacetime can be expressed as 
ds^ — a'^{ri)[—drf + ^ij{x)dx^diP 4- r))dx'^dx''] , (2.14) 
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where latin indices run from 1 to 3, greek indices run from 0 to 3 and OL is 
the scale factor. The are comoving spatial coordinates, rj is the conformal 
time and ^ij{x) is the 3-metric of a maximally symmetric space of constant 
curvature, which in spherical coordinates (%, 9,0) takes the form: 
^ijdx^dx^ — dx^ + + sin^6d(j)^) . (2.15) 
The first two terms of Eq. (2.14) constitute the metric of an unperturbed 
FLRW universe and perturbations are introduced by the last term. The an-
gular radius r(%) depends on the curvature K of the space: 
^ sin ixy/K) , K >0 
r{x) = < % , K = 0 (2.16) 
^7= sinh i x V ^ ) , K <0 
Perturbations are expressed through and can be classified as scalars, vec-
tors and tensors according to their transformation properties under spatial 
rotations in the background spacetime. They can be parameterized as: 
h^vdx^dx^ — —2Adrf' — Bidrjdx'^ + 2Hijdx^dx^ . (2.17) 
In Fourier space the variables A and B can be decomposed as: 
where 
(2.18) 
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that is, the , yf^^, y^^ are the scalar, vector and tensor type eigenfunc-
tions of the Laplacian and k is the corresponding eigenvalue. We denote 
the 3-dimensional (unperturbed) covariant derivative with |.The quantities 
and H-p that appear in Eq. (2.18) are all functions 
of 7] and k. 
This decomposition comes from the fact that a tensor field (in our case the 
perturbative tensor) on a spatial hypersurface (spatial section with constant 
time) can be decomposed into components which transform irreducibly under 
translations and rotations and evolve independently of each other. For a scalar 
quantity 
/ • (x) = I / '(k)%(x) (2.20) 
where the y satisfy the Helmholtz equation (V^3^ = —k'^y). In a flat space, 
this is just a Fourier decomposition, with the eigenfunctions of the Laplacian 
being those of a plane wave. A vector quantity can be decomposed into a 
gradient and a rotation: 
yr = V,A + B, (2.21) 
where A is a scalar (spin 0 component) and Bl = 0 (spin 1 component). 
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Finally, a tensorial quantity can be expressed as 
Hij = HLHJ + ( v . V j - iA7 t ( ) HT + \ + Hip (2.22) 
where A is the Laplacian, HL^HT are scalar components (spin 0), is a 
vector component (spin 1) and is a tensor component (spin 2). This 
decomposition together with the basis functions (eigenfunctions of the Lapla-
cian) defined in the rhs of Eq. (2.18), allow us to decompose the perturbation 
tensor as in Eqns. (2.17), (2.18). 
Two out of four perturbation variables corresponding to scalar perturba-
tions and one out of two perturbation variables characterizing vector pertur-
bations can be eliminated by use of gauge transformations. For instance, in 
the Newtonian gauge we have: 
A = ^ Ht = 0 
(2.23) 
Hi, = $ 5 = 0 
where 0 and ^ are the gauge invariant Bardeen potentials ([16]). We see that 
in the Newtonian gauge the variables associated with scalar perturbations are 
gauge invariant. 
But what is the physical meaning of the perturbation variables we use? Let 
us consider Eq. (2.17). Hij is the curvature perturbation. Bi defines the rela-
tive velocity between the threading and the worldline orthogonal to the slicing. 
Finally, A relates rj to the proper time tpr along the threading. The three types 
of perturbations have also a physical meaning [27,11]: the scalar perturbations 
correspond to Newtonian gravitation with relativistic modifications; the vector 
perturbations consist of the relativistic generalization of purely rotational fluid 
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flow and the anisotropic stress that interacts with them; the tensor perturba-
tions represent gravitational waves and the anisotropic stress that interacts 
with them. The latter are supposedly generated during inflation. 
Let us now turn to the decomposition of the energy-momentum tensor. We 
can express the full energy-momentum tensor as with Tq = — p, 
Ti = Tq = 0 and Zj = p6j. We are particularly interested in the case of fluids. 
One can also incorporate a seed contribution to the full energy momentum 
tensor [25]. The deviations from are given by: 
— (P ~ Bi) 
(Z24) 
^^0 = -{P + P)ui 
The 3-vector Ui (expressing the energy flow of the fluid) can be decomposed in 
a similar way to Bi in Eq. (2.18) and the anisotropic stress tensor nj- follows the 
decomposition of Hij. The evolution of metric and matter perturbations can 
be obtained from the Einstein equations Gn^ = SttGT i^/ and the conservation 
of the energy-momentum tensor = 0 (the semicolon (;) denoting a four-
dimensional covariant derivative). 
2.3.2 Perturbations from inflation 
Current observations point to inflation as the main mechanism for the gener-
ation of primordial perturbations that led to structure formation. During the 
inflationary era the wavelengths of quantum fluctuations of the inflaton grow 
exponentially. When the wavelength of a particular fluctuation exceeds the 
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particle horizon, it stops propagating and its amplitude 'freezes' at some non-
zero value. Once inflation has come to halt however, the expanding particle 
horizon catches up with the scale factor and expands more rapidly. At some 
point it reaches the wavelengths of the previously super-horizon perturbations 
and as those reenter the horizon, they seed matter and temperature fluctua-
tions. The latter grow with time and give rise to the wealth of structure we 
observe today. But let us review this mechanism in more detail. 
The perturbed inflaton field can be split to its classical value (j)^  and its 
quantum fluctuation S(p. The perturbations of the energy-momentum tensor 
are given by Eq. (2.24). The perturbed Einstein tensor and the Klein-Gordon 
equation provide us with a system of equations describing the time evolution 
of the gravitational potential and the inflaton fluctuations. It is worth stress-
ing that during inflation the dynamics of the Universe are dominated by the 
inflaton: any quantum fluctuations of the latter induce perturbations in the 
metric (as is evident from the Einstein fleld equations) and the metric pertur-
bations will in turn generate a backreaction on the evolution of the inflaton 
pertubations (as predicted by the Klein-Gordon equations). Therefore, the 
two are tightly coupled and should be studied together. However, in a first 
approximation one could ignore the perturbations of the metric, as argued in 
[28], and consider just a perturbed Euler-Lagrange equation: 
+ 
kV fV 
a) d(j)^ = 0 . (2.25) 
Until a few Hubble times after horizon exit, the slow roll conditions allow us 
to drop the second derivative of the potential, so that 
+ <^<^k = 0 . (2.26) 
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Let us expand a mode of the fluctuations as: 
5(j)i, = Wk&k + Wk&lk , (2.27) 
where a, are the annihilation and creation operators respectively, with com-
mutation relations [ok, = 5k,k' and [ak, Ok'] = 0. Wk is time-dependent and 
satisfies the same field equation as (p and 5(j). For a few Hubble times before 
or after horizon exit, we can assume H to be constant, so that 
"4: = ^ ' (2.28) 
Well before horizon exit the friction term in Eq. (2.26) is negligible and up to 
a slowly varying phase factor we obtain 
= (2.29) 
which is the equation of a plane wave. In other words, fluctuations inside the 
horizon oscillate. For scales outside the horizon {k « aH), the last term of 
Eq. (2.26) can be ignored leading to 
kkl =: ^ . (2.30) 
We see that once a fluctuation crosses the horizon, it becomes frozen to an 
almost constant value. Although these considerations made the implicit as-
sumption that the inflaton is massless, the same qualitative behaviour is also 
valid in the case of a massive inflaton [15]. The mean square vacuum fluctua-
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tion is: 
= l<^ kP. (2.31) 
In the case of Gaussian random fluctuations, \uJk\^  provides all the information 
we need to construct any statistical quantity to describe the pertubations. The 
power spectrum of the fluctuations is: 
n = & K I ' = ( s ) (2-32) 
as follows from Eq. (2.28). This form of the power spectrum yields the fluctu-
ation power per logarithmic interval in k. For a few times after horizon exit 
the power spectrum is given by Eq. (2.32) evaluated aX H = k/a, the moment 
when a k-mode leaves the horizon. 
The inflaton perturbations can be related to the curvature perturbation 
%k: 
(2.33) 
with the rhs of the above equation evaluated a few Hubble times after horizon 
exit. With the help of Eqns. (2.31), (2.32) we obtain the power spectrum of 
the metric perturbations: 
We define the spectral index of the power spectrum to be: 
2. Overview of CMB anisotropies 45 
which in terms of the slow-roll parameters e and 77 is: 
n — 1 = —6e + 2?y. (2.36) 
The slow-roll conditions imply e < < 1 and \r)\ « 1, so that n ~ 1. That is, 
the spectrum of perturbations generated by inflation is nearly scale-invariant, 
as long as the slow-roll approximation holds. Finally, we should point out that 
the phases of the (50k are random, meaning that the inflationary perturbations 
are Gaussian. 
2.4 CMB fluctuations 
2.4.1 Classification of CMB anisotropies 
CMB anisotropies can be divided in two major categories: primary anisotropies 
originating in the surface of last scattering {z ~ 1100) and secondary anisotropies 
due to physical processes that affected the photons on their way from the last 
scattering surface to us (0 < z < 1100). These are listed in Table 2.1. 
Anisotropies at the surface of last scattering are mainly due to the existence 
of hot and cold spots (overdense and underdense regions) and motions of the 
plasma (Doppler effect). Besides, density fluctuations create potential wells, 
which the photons are dragged into; as they climb out, they may acquire 
a gravitational redshift. Damping arises from the fact that photons have a 
non-zero mean free path in the baryon-photon fluid and experience scattering. 
Obviously, it is only signiflcant at scales comparable to the photon mean free 
path. Once the photons decouple from matter, they are affected by possible 
time variations of the gravitational potential along the line of sight from the 







SECONDARY Gravity Early ISW effect 
Late ISW effect 
Rees-Sciama effect 
Lensing 
Local Reionization Thermal SZ effect 
Kinematic SZ effect 
Global Reionization Suppression 
New Doppler 
Vishniac 
Table 2.1: Sources of CMB anisotropies. Adapted from [29]. 
present to the last scattering surface and reionisation. Local reionisation can 
induce a Doppler effect and distort the photon Planck distribution. Global 
reionisation tends to suppress small-scale fluctuations. 
Of the anisotropies listed in Table 2.1, the ISW effect and the primary 
anisotropies are linear (in the potential / density perturbation), while the 
Rees-Sciama effect and lensing are in the non-linear regime. The latter is also 
true of the Sunyaev-Zeldovich and the Vishniac effects. 
There are also other processes that affect the CMB signal we receive; some 
of these have astrophysical origin (e.g. foreground emission) while others are 
due to the technological limitations of a given experiment (e.g. instrumental 
noise). They both contaminate the signal we receive and must be accurately 
determined, so that we can isolate the actual CMB data. We will now review 
the CMB anisotropies in more detail. 
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2.4.2 The Boltzmann equation 
The evolution of CMB anisotropies is described by the Boltzmann equation: 
f = C[/l , (2.37) 
where / is the distribution function of the photons. The collisionless part df/dt 
describes the effects of gravity on the photons, while the collision terms C[f] 
deal with their interactions with other species, namely Compton scattering 
that couples photons and baryons keeping them in equilibrium and processes 
that create and destroy photons. Along geodesies we have 
dt dt dx^ dt dp dt dt ' 
where p is the photon momentum and y its direction cosines. The Boltzmann 
equation yields the evolution of temperature anisotropies [30, 31]: 
e = % + % (2.39) 
Here, ©(77, x, 7) = A T / T are the temperature anisotropies and SQ, SC are the 
sources of gravitational effects and scattering respectively. 7 is the direction 
of propagation of photons and prime denotes differentiation with respect to 
conformal time. The two terms on the rhs of Eq. (2.39) incorporate the three 
fundamental causes of CMB anisotropies [30]: 
• Gravitational redshift due to the existence and evolution of metric per-
turbations 
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• Hot and cold spots in the temperature distribution on the surface of last 
scattering 
• Doppler effect caused by the peculiar velocity of the species that last 
interacted with the photons 
The standard approach is to decompose G in angular moments [32, 33] 
8(77, X, 7) = 7) (2.40) 
e=o 
that evolve independently. The angular functions Ge depend on the curvature 
of the Universe and for a flat space they reduce to 
Ge = {—iY exp («k • x)P^(k • 7), where Pe is a Legendre polynomial. The de-
composition (2.40) enables us to write the Boltzmann equation in the standard 
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Here r ' = XeUeCrTa/cbo is the differential Compton optical depth, Xe^n^^aT be-
ing the ionisation fraction, electron number density and Thomson cross-section 
respectively. Vb is the baryon velocity. 
The equations for £ = 0 and £ = 1 are the continuity and Euler equations. 
Go = 1/45J is the isotropic temperature fluctuation and Gi = is the am-
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plitude of the photon dipole (bulk) velocity. The term that the quadrupole 
moment 02 is multiplied by in the Euler equation is related to the anisotropic 
stress of the photons. Eqns. (2.41) show that the anisotropic stress transfers 
anisotropies to higher multipoles. Prior to recombination, scattering tends to 
make the photons isotropic in the baryon rest frame, so the anisotropic stress is 
nearly zero. The continuity and Euler equations for the baryons have a similar 
form: 
a; = -kVb-3^' 
ol (2.42) 
where R = 3pfc/4p-y is the baryon-to-photon ratio normalised to 3/4 at photon-
baryon equality. Similar equations apply in the case of collisionless non-
relativistic particles (e.g. CDM), only now r ' = 0. 
2.4.3 Primary anisotropies 
Before recombination, the photons were constantly scattered by the baryons; 
the photon mean free path was so short that photons and baryons can be 
treated as a single fluid (the tight coupling approximation). In this case [21, 34] 
^ ( 1 + fl)e'„ + y e „ = - y (1 + iJ)v|/ - ^ ( 1 + R)<S,' , (2.43) 
assuming that the anisotropic stress is negligible. This means that moments 
higher than i = 1 vanish, reflecting the fact that photons are isotropic with 
respect to the baryon rest frame (the dipole corresponds to the bulk velocity). 
This is an oscillator equation, where 1 + R represents the effective mass of the 
oscillator. Eq. (2.43) shows that baryons contribute to the gravitational driving 
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force, but not to the restoring force of the system. Setting = [3(1 + 
where Cg is the speed of sound, we get 
e ; + ^ e ; + fc'cjGo = f , (2.44) 
where the forcing function is 
F = . (2.45) 
1 + i? 3 ^ ^ 
^ is the gravitational potential related to density fluctuations and ^ 
is the space curvature perturbation. The minus sign reflects the fact that 
overdensities are responsible for potential wells (negative potentials). As a 
first approximation we could assume that $ and # remain constant in time (as 
they would in a flat universe, with no cosmological constant present) and that 
R varies in time only slightly compared to the oscillation frequency uj = kCg. 
Then, we obtain from Eq. (2.44): 
€)% 4- . (2/16) 
This has the familiar form of a harmonic oscillator, where gravity acts as a 
driving force; it describes oscillations resulting from the radiation pressure 
(Aj^ Cg) resisting gravity. We can use its solution and the photon continuity 
equation to get the set of equations describing primary anisotropics: 
©o(^) = [@o(0) + (1 + ^ )#] cos {kvs) + T^8o(0) sin (kvs) - (1+ R ) ^ 
"is (2.47) 
6i(?7) = 3[6o(0) + (1 + ^)^]cgsin {krs) + -8o(0) cos (fcr^) , 
where rg = JCsdrjc^ CsT] is the sound horizon. These equations are sufficient for 
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describing the main anisotropies at large and intermediate scales. At small 
scales, the tight-coupling approximation is no longer valid, as the mean free 
path of photons in the fluid becomes comparable to them. We will discuss how 
this affects the anisotropies below. Another point to notice is that the tem-
perature anisotropies and velocity evolution depends on the initial conditions 
00(0) and 0o(^)- Adiabatic initial conditions set 6o(0) = — a n d 6o(0) = 0 
([35]), while in isocurvature models ©o(0)=const. and Go(0) = 0. 
Gravitational effects 
Gravitational effects can be classified into two categories: redshifts and blueshifts 
caused by gradients of the gravitational potential and dilation effects due to 
variations in the space curvature. When photons dominate the fluid, R 0 
and, for the adiabatic scenario, the flrst of Eqns. (2.47) describes a harmonic 
oscillator (©o) whose zero point has been displaced by This results into 
photons in gravitational wells being hotter, because the infall increases their 
number density and causes a gravitational blueshift. Some time after last 
scattering the photons climb out of the potential wells, thus acquiring a grav-
itational redshift. What reaches the observer is the combined effect of the 
initial fluctuations and the shift caused by photons passing through gravita-
tional wells, the effective temperature perturbation, which is given by 
60(77) -t- ^  = [©0(0) + cos (kr,) . (2.48) 
At the time of last scattering, r/*, this function has a series of peaks at kj = 
i7r/rs(?7*). Odd peaks represent the compression phase and even peaks cor-
respond to the rarefaction phase inside the potential wells [31]. It is worth 
pointing out that isocurvature initial conditions cause © -t- ^ to evolve as a 
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sine wave (Fig. 2.4, 2.5). This qualitatively different behaviour would in prin-
ciple allow us to infer the initial conditions by examining the CMB power 
spectrum. 
In the case of adiabatic initial conditions, the initial effective perturbation 
is — 1^'. This result was first calculated by Sachs and Wolfe [35]. The Sachs-
Wolfe effect is dominant at large scales, where there are no causal processes 
that could affect the perturbations associated with gravity. 
We should emphasize that whenever the dynamics of the Universe is not 
dominated by non-relativistic matter, ^ and $ vary with time - this also 
happens when (1 ^ 1. A simple example is the case of radiation domination, 
or cosmological constant domination. This results in the photons gaining a net 
blueshift or redshift as they fall into and climb out of potential wells. A time-
varying potential can also enhance the acoustic oscillations through resonance 
effects. 
Adiabatic 
Figure 2.4: Effect of adiabatic initial conditions. Prom [36]. 
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Isocurvature 
Figure 2.5: Effect of isocurvature initial conditions. Prom [36]. 
Baryon drag 
In reality R ^ 0, which means that baryons contribute to the effective mass 
of the baryon-photon fluid. Taking baryons into account decreases the sound 
speed and changes the zero point of the oscillator, because now gravitational 
infall results in greater compression of the fluid in the potential well. This 
relative shift remains after last scattering and enhances the compression peaks. 
Assuming a constant R, the effective temperature perturbation reads [30] 
80(77) + ^ = + 3R) cos {krs) - , (2.49) 
showing that compressional peaks are boosted by a factor of (1 + 6R) (in 
power) with respect to the R ^ 0 case. Of course this effect is negligible at 
early times, when the fluid is dominated by the photons. 
Finally, we should mention that R itself evolves with time. However, this 
evolution is so slow ((1 + R) oc c^^), that one can use the WKB approxima-
tion to find the solution of the homogeneous Eq. (2.44) and construct the full 
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solution via Green's method [32]: 
[1 + R{r])Y '^^ Qo{r]) = 0o(O) cos [fcrs(r?)] + ^ [ 8 o ( 0 ) + (0)00(0)] sin [krs{v)] 
r ^ 
+-^ y [1 + -R(2;)]^/'^ sin [krs{r}) — krs(x)]F(x)dx (2.50) 
and kQi = —3(6o + $')• 
Doppler effect 
The fluid velocity and density fluctuations oscillate with a phase difference of 
90°, as can be inferred from Eq. (2.47). The motion of the fluid relative to 
the observer generates a temperature spatial variation equal to 6 i / \ / 3 on the 
last scattering surface. While temperature anisotropy oscillations are displaced 
from zero, velocity oscillations are symmetric around this point. In the limit 
R 0 velocity and density fluctuations have the same oscillation amplitudes. 
However, this is not the case when baryons are taken into account. An increase 
in R (and hence, in the effective mass) would cause a decrease in the fluid 
velocity in order for the energy to be conserved. 
Damping 
Up to now we have assumed that photons and baryons can be considered as 
a single fluid. But photons have a mean free path ~ in the baryonic 
fluid due to Compton scattering. This diffusion causes heat conduction and 
gives rise to viscosity in the fluid [22]. Thus, the fluid acquires an anisotropic 
stress. The tight- coupling approximation still holds for a given scale as long 
as the diffusion length is such that T ' / k » 1, that is, the scale is larger than 
2. Overview of C M B anisotropies 55 
(a) Acoustic Oscillations 
< 8=1 »F| 
(b) Baryon Drag 
t 
I I sound horizon 
ci-ossing 
Figure 2.6: Radiation pressure resists the compression induced by gravitational in-
fall. In the absence of baryons the photons do not suffer any net redshift or blueshift; 
the fluctuations simply oscillate symmetrically around the zero point with a Doppler 
effect of equal magnitude and 90deg out of phase. Baryons increase the fluid mass, 
thus enhancing infall and inducing a zero point displacement. Compression peaks 
are boosted with respect to rarefaction peaks and velocity contributions. Reprinted 
from [36]. 
the sound horizon. On smaller scales, fluctuations are exponentially damped. 
In order to estimate the effect of photon diffusion, we have to expand the 
Boltzmann and Euler equations for photons and baryons to second order in 
T / - I . This yields the general solution [32]: 
0o = A(l + i?) A;) cos (/crs)+ 5 ( 1 + i?) k) sin {krg) , (2.51) 
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where the damping factor V is: 
k) = , (2.62) 
where kr, is the damping wavenumber. It depends on the effective mass of 
the fluid R and the differential optical depth r'. The potential presence of 
anisotropic stress affects kr, as well. The amplitudes A and B in Eq. (2.51) 
are determined by the driving force F in Eq. (2.44). 
Since baryons and photons exchange momentum through scattering, baryon 
density fluctuations will also be affected. If (r'/Rk) > > 1 , baryons fall in and 
climb out of potential wells along with the photons and the baryonic acoustic 
oscillations are destroyed. This phenomenon is known as Silk damping [37]. 
2.4.4 Recombination 
If a fluctuation on a given scale has not been damped by the time of last scat-
tering, it 'freezes' and is free-streamed to present. Thus, the CMB anisotropy 
we would expect to see is [32] 
= [eo+^iv*Wv*,k)xi{x-x*)+Qi{v*Wv*,k)^^Kix-x*^, 
(2.53) 
where the X^{x) are radial functions such that 3^(x) = X^(x)l^(^, (/>) with 
—p'^ = k'^/K + l. y are the eigenfunctions of the Laplacian. Note that for 
large scales only gravitational effects are important and that for small scales 
we must also consider some second order effects, which we will review below. 
Decoupling is not an instantaneous procedure; rather, it takes a finite amount
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of time for photons to disentangle from baryons. This is why the damping 
factor in Eq. (2.53) must be averaged over the duration of last scattering: 
:D(77„A;) = y , (2.64) 
where V = is the visibility function and gives the probability of last 
scattering within the time interval dr]. It peaks near T(z*) = 1. 
Since decoupling is not instantaneous, baryons themselves are dragged by 
photons and are thus prevented from falling into gravitational wells. Of course, 
once decoupling is complete, nothing can prevent the gravitational infall. One 
can define a baryon drag optical depth, r^, which is maximized at the end of the 
drag era [38]. This can be used to construct a visibility function ~ 
and then make a final estimate of the scales affected by Silk damping. 
2.4.5 Secondary anisotropies 
After recombination photons are free to travel along geodesies carying the 
frozen anisotropies with them. But these anisotropies do not reach us intact; 
several phenomena occuring between last scattering and the present can modify 
them and even generate new anisotropies. 
ISW effect 
The integrated Sachs-Wolfe effect (ISW) is a secondary anisotropy of gravita-
tional origin. Time variations of $ and ^ cause redshift and dilation, as we 
have already seen. Such variations can occur along the photons' trajectories, 
therefore the effects they generate should be integrated along these trajecto-
ries. Thus, to account for the gravitational effects a term of the following form 
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should be added to Eq. (2.53); 
V 
j($' - ^•)Xi(x - x)dn . (2.55) 
V* 
For large scales this is the only factor that affects the evolution of anisotropies. 
Fig. 2.7 illustrates how variations in the gravitational field along the line of 
sight can shift the wavelength of CMB photons. 
There are three types of ISW effects according to the origin of potential 
evolution: 
Early ISW effect: The early ISW effect is generated shortly after recombina-
tion. We should recall that whenever non-relativistic matter is the dominant 
component in the Universe, ^ and $ are no longer constant. At that time the 
photon density is still considerable, causing $ to decay. This has the same 
effect as the driving mechanism we described earlier. The only difference is 
that since it occurs at a later time (and a distance closer to us), it peaks at 
scales larger than the first acoustic peak. 
Late ISW effect: This arises from a non-vanishing curvature or the existence 
of a cosmological constant. In both cases the expansion of the Universe will 
eventually be dominated by the curvature or the cosmological constant. The 
matter density perturbations will dilute because of the expansion, resulting in 
the decay of the gravitational potential. Photons travel through underdense 
and overdense regions on their way from the last scattering surface and the 
result of the ISW effect depends on where they are when the potential decays: 
if they are in an underdense region, they receive a redshift, while if they are 
in an overdense region they get blueshifted. The ISW effect is only important 
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Dilation Effect 
b l u e s h i f t Tedshift 
F i g u r e 2.7: Schematic illustration of the dilation associated with the integrated 
Sachs-Wolfe effect. Variations of the gravitational potential along the trajectories of 
CMB photons can cause a net wavelength shift. Prom [36]. 
at large scales, since at small scales contributions from redshifts and blueshifts 
cancel out. 
Sourced ISW effect: This effect encompasses perturbations to the metric 
caused by tensor modes and topological defects. Gravity waves mostly affect 
the quadrupole and their action is then projected to higher multipoles. There 
is also a cut off at the scale corresponding to last scattering, since this effect 
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only takes place after recombination. Defects induce changes in the gravita-
tional potential at a given mode at the time this mode crosses the horizon. As 
a result, large scales remain unaffected by topological defects. 
Rees-Sciama effect 
The Rees-Sciama effect appears once non-linear structures form, such as clus-
ters of galaxies. From that point onwards, linear perturbation theory ceases 
to apply. These structures cause variations in the gravitational potential, re-
sulting in wavelength shifts of the CMB photons, a phenomenon known as the 
Rees-Sciama effect. When the gravitational potential is affected by the pres-
ence of an overdensity (a supercluster, for instance), the photons get redshifted 
or blueshifted, whereas when they travel through underdense regions, the pho-
tons undergo a redshift. This effect is very similar to the ISW effect, in that 
it is related to the effects of a varying gravitational potential on the CMB. 
However, while the ISW effect is manifest on large scales, the Rees-Sciama 
effect only regards small scales and it has been shown that its contribution is 
almost negligible. 
Lensing 
While the ISW effect changes the photons' energy leaving their direction un-
affected, gravitational lensing alters their direction. Their energy remains the 
same to first order. Lensing is caused by the gradient of the gravitational 
potential perpendicular to the photons' trajectories. If a pair of photons were 
to arrive separated by an angle 6 in the absence of gravitational lensing, in 
reality they will arrive separated by an angle 9 -t- 59. It has been shown [39] 
that typically 0.1 < 59/9 < 0.2. This lensing conserves the total power of the 
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fluctuation, but tends to enhance troughs and suppress peaks. 
Reionisation 
Besides gravitational effects, local and global reionisation can also play a sig-
nificant role in the final shaping of CMB anisotropies. Local reionisation takes 
place in clusters of galaxies. As the CMB photons pass through a cluster, they 
get scattered by the hot electron gas. The electrons exhibit random thermal 
motions, so the scattered photons experience a Doppler frequency shift. This 
process leads to a depletion of the Rayleigh-Jeans region of the spectrum and 
a consequent overpopulation of the Wien region and is known as the thermal 
Sunyaev-Zeldovich effect. However, we should bear in mind that the clusters 
themselves have peculiar motions. This causes an additional Doppler shift 
and is known as the kinematic Sunyaev-Zeldovich effect [40, 41, 42]. In prin-
ciple, it could provide a means of measuring the peculiar velocities of clusters. 
However, its effect is believed to be small [43]. 
On the other hand, global reionisation could have dramatic effects, tending 
to suppress fluctuations at small scales, as it increases the photon diffusion 
length. Anisotropies would be smeared at an angular scale [29] 
e - , (2.56) 
V -2^* 
where z* is the redshift of last scattering. Large scale fluctuations remain 
undamped by global reionisation, but reionisation can itself create new large-
scale fluctuations. 
Finally, the Vishniac (or Ostriker-Vishniac) effect [44, 45] is a second or-
der Doppler effect caused by linear density fluctuations. More specifically, it 
consists in the scattering of CMB photons by ionised structures which have 
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bulk peculiar velocities. The fractional temperature anisotropy induced by the 
Vishniac effect in a direction 6 is [46] 
AT 
- ^ ( ^ ) = PWA [1 + ^(x, r])] v(x, T])dr], (2.57) 
where g{r]) is the visibility function, v and 6 are the peculiar velocity and 
density contrast at position x at time r] respectively and n is a unit vector 
along the line of sight. For the induced anisotropy to be meaningful, 6 must 
be non-negligible, so that the Vishniac effect only contributes to scales of the 
order £ ~ few -10^. 
2.4.6 Polarisation 
The CMB polarisation is a result of Thomson scattering of photons combined 
with the presence of a quadrupole moment in their temperature anisotropy. 
In order to study its nature, we use the following combinations of the Q and 
U Stokes parameters, which we decompose into multipole moments in a way 
similar to that we used for the temperature anisotropies: 
(Q ± iU){v, J, fl) = / E E ± iBrh2GT . (2.58) 
J \ D m=-2 
The E modes have electric type parity, (—1)^ , while the B modes have magnetic 
type parity, (—1)^+^ Since the temperature anisotropy, 8/ , has electric type 
parity, it can only couple with the E modes. The ±2^?^ are spin-weighted 
eigenfunctions of the Laplacian and in a flat universe they take the form: 
= ( - l ) y J ^ ± 2 Y r ( n ) e < ^ ^ . (2.59) 
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The spin-2 spherical harmonics can be related to the usual In non-flat 
universes, we can express the radial part of the in terms of hyperspherical 
Bessel functions. The index m in Eq. (2.58) takes the values 0, ±1, ±2, which 
correspond to scalar, vector and tensor perturbations respectively. 
As already mentioned, the polarisation enters the Boltzmann hierarchy of 
temperature anisotropies at £ = 2: 
8 ^ = A; 
2£-l e r -
V ( £ + l ) 2 - m 2 
2^ + 3 e r 
f S f + S'' (2.60) 
The source term S'^ depends on the type of perturbations we are considering: 
S = < 
f P ° , scalar 





The E and B modes satisfy an hierarchy of differential equations similar to 
those of 
ET = k rpm om prn |_(2^-1)^-^ ^(^+1) ' (2^ + 3) .7-(^^+V6f^g/,2) . 
(2.63) 
Br = k [(•U-l) 
rtm 2,771 ^ l^£+l,m rym 
t ) (2.64) 
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with 
= "\/(^ - m2)(£2 - 4 ) / ^ . (2.65) 
It is worth noting that there is no mixing between E and B modes for scalar 
perturbations (m=0). Prom the E and B modes we can construct polarisation 
power spectra in a way analogous to that for the temperature anisotropies. 
The polarisation signal is much weaker than the temperature anisotropy 
signal: the r.m.s. for polarisation is just ~ G/iK, while the r.m.s. for the 
total intensity is ~ 120/x-fr. However, it can provide us with extremely useful 
information. Since polarisation can only be produced via Thomson scattering, 
it would be a valuable probe of the physics during the last scattering epoch 
and give us an insight into the reionisation of the Universe, given the fact that 
CMB photons only undergo Thomson scattering at these instances (as far as 
scattering of a cosmological origin is concerned). In contrast, temperature 
fluctuations, being dependent on the gravitational potential, evolve from the 
epoch of last scattering to the present, so that the information they carry bears 
the imprint of the conditions both at recombination and during the subsequent 
evolution of the Universe. It has been shown that the location and height of 
the peak in the polarisation power spectrum depends on the size of the horizon 
at last scattering and the duration of this process respectively [47]. Polarisa-
tion can be used in a complementary way to the temperature to improve the 
constraints on cosmological parameters such as the baryon and cold dark mat-
ter densities, or break some degeneracies of the temperature anisotropy power 
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spectrum, such as the degeneracy betwween the amplitude of primordial scalar 
perturbations and the optical depth to reionisation. Furthermore, the relative 
phases of acoustic peaks in the temperature, polarisation and cross power 
spectra can point to the type of initial perturbations (adiabatic or isocurva-
ture). Finally, a detection of B modes would help disambiguate many aspects 
of current inflationary scenarios (for instance, determine the energy scale for 
inflation). 
However, obtaining high quality measurements of the CMB polarisation is 
not straightforward. The major obstacle in making accurate measurements 
comes from foreground contamination. The overall polarisation of the CMB is 
not only of cosmological origin and disentangling the cosmic signal from that 
caused by foreground emission has proved extremely difiicult. The problem 
lies in our poor understanding of foreground polarisation, especially with re-
gards to the nature of galactic synchrotron emission as well as emission from 
dust. At small scales, radio point sources could also be a cause for concern. 
However, despite the technical difficulties there are current experiments dedi-
cated to CMB polarisation and accurate polarisation measurements are a goal 
for future missions as well, such as Planck. Due to the tensorial nature of the 
polarisation field, we could extract much more information from CMB polar-
isation than from temperature anisotropies, which makes polarisation a very 
promising research field for the future. 
2.4.7 Foregrounds 
The CMB signals captured in our experiments are contaminated with other 
astrophysical signals and instrumental noise. Although it is possible to sep-
arate foreground contributions from the actual CMB signal up to a certain 
2. Overview of C M B anisotropies 66 
level of accuracy, we cannot determine both angular and frequency distribu-
tions for any of them. The most important sources of CMB contamination of 
astrophysical origin are galactic foreground emission and extragalactic point 
sources (reviewed in [48]). 
Galactic foreground emission 
Galactic foreground emission comes from diffuse blobs. Their power spectrum 
Cg is expected to be independent of i at low i, since low i correspond to scales 
greater than the coherence length of the blob; conversely, it is expected to fall 
off at least as fast as for large £, corresponding to scales much smaller than 
the blob size. 
Let us now review the diffuse sources in more detail. 
Galactic synchrotron emission. Galactic synchrotron radiation is emitted 
from cosmic ray electrons accelerated in Galactic magnetic field and dominates 
at frequencies below 10 GHz. Its brightness temperature is believed to follow 
a power-law, Tb oc where the spectral index jS is determined by the energy 
distribution of the electrons and the structure of the Galactic magnetic field. 
The power spectrum of synchrotron emission is still a subject of debate; some 
authors suggest that it scales as while others are in favour of flatter spec-
trum, scaling as Finally, synchrotron radiation could be highly polarised 
and overshadow the CMB polarisation signal. Unfortunately, we still have a 
very limited knowledge of the spectral behaviour and the angular dependence 
of synchrotron polarised emission. 
Galactic free-free emission. Free-free emission could originate in both dis-
crete and diffused sources. The former are HII regions mainly localised along 
the galactic plane (|6| < 5°). The latter is the ionised interstellar medium. 
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Free- free emission dominates at frequencies above 10 GHz. However, the sig-
nal being extremely weak, we are unable to construct sky maps of free-free 
emission, as has been done for galactic synchrotron emission. 
Galactic dust. Dust grains absorb interstellar radiation at the UV and opti-
cal bands and re-emit it at infrared wavelengths. Dust emission dominates at 
frequencies above 100 GHz and its total intensity depends on gas composition, 
gas to dust ratio and grain composition, structure and dimensions. In addi-
tion, its distribution is highly non-Gaussian, a fact that further complicates 
the analysis of dust contamination. 
Extragalactic sources 
Extragalactic sources contribute to low frequencies (radio galaxies, BL Lac 
objects, blazars, quasars) as well as high frequencies (dusty galaxies). There 
are large uncertainties in the number of counts and spectra of radio sources at 
100 GHz. Things are worse in the case of dusty galaxies, because source counts 
strongly depend on their evolutionary properties, which are poorly known. 
However, even if we were able to fully account for all point sources, there 
would still remain some background radiation from unresolved sources. We 
assume a Poisson distribution over the whole sky, so that the power spectrum 
is the same for all scales. Such a spectrum would dominate the cosmic signal 
on small scales. 
2.5 The anisotropy power spectrum 
Up to now we have been discussing the three dimensional distribution of tem-
perature perturbations. But we make our observations from one location only, 
so our measurements can only reveal the angular dependence of 9 . What we 
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see are the anisotropies at the time of last scattering projected through the 
distance light has travelled since that time. This can be regarded as a projec-
tion of a plane wave on the sphere. We express the anisotropy by decomposing 
the plane wave into multipole moments i ~ 9~^. Summarizing what we have 
already found for the evolution of perturbations, we can write thie following 
expressions for the anisotropies we expect to see today: 
large scales (gravitational / ISW effects, 2.4.3, 2.4.5): 
Y = [Go + l l M X i i x o - % . ) + / ($ ' - (2.66) 2< + 
V* 
intermediate scales (gravitational / ISW effects plus damping, 2.4.3, 2.4.5): 
~ [8o + ^](?7*)D(z;*, A;)% (^%o — %*) + 8i(7;*)D(7y*, A;)-—%^(%o — %*) 
^ (2X57) 
V* 
and, for small scales we add the contributions of second-order effects such 
as the Vishniac mechanism taking into account that photons and baryons 
constitute two separate fluids. As we have already explained, large scales 
are dominated by gravitational effects, while intermediate ones also receive a 
contribution from the existence of baryons. For both of these cases the tight-
coupling approximation is valid, since the photon diffusion scale is very small, 
even until recombination. 
In order to study CMB anisotropies we calculate the total power in the £th 
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multipole by integrating over all k modes: 
= (2.68) 
which is called 'the power spectrum'. It exhibits peaks at 
4 - ^jVe{r}*)\ = re jn (2 69) 
V* 
with j = 1,2,3,... in the adiabatic case (for the isocurvature case one must 
replace jtt with (j — l/2)7r). Here rg is the comoving angular diameter distance 
and rs is the sound horizon. 77* denotes the (conformal) time of recombination. 
Eq. (2.69) is a direct consequence of Eq. (2.47); in the adiabatic scenario the 
temperature perturbation oscillates following a cosine law, and therefore peaks 
at krs = JTT, while in the isocurvature scenario it follows a sine law and peaks 
at krs = [j ~ (l/2)]7r. Taking into account that a scale A ~ k~^ at the time 
of last scattering subtends an angle 9 ~ \/re{r}*) and that 0 ~ we end up 
with Eq. (2.69). 
We see that once the initial conditions have been specified, the position of 
the peaks only depends on the space curvature through rg. The height of the 
peaks is somewhat more model dependent. 
Power spectra are also defined for the polarisation parameters, E and B. 
The integration of E and B modes along the line of sight is similar to that for 
the temperature. For instance, in a flat space and for scalar perturbations, we 
would have in analogy with Eq. (2.66): 
%(», t ) _ 3 /(< + 2)! r . (2,70) 
2^ + 1 2 y (£ — 2)! Jo [^ {v ~ Vo)]^  
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Dependence on cosmological parameters 
Different processes have different contributions to the overall power spectrum; 
so, the shape of the power spectrum can provide an estimate of the cosmological 
parameters associated with these processes. 
The curvature mainly affects the position of the peaks and the inter-peak 
distance. This follows directly from Eq. (2.69). Given the sound horizon at last 
scattering, the position of the peaks depends on the angular diameter distance, 
which, in turn, depends on the curvature. Intuitively, we understand that the 
angle the sound horizon subtends at last scattering is smaller for an open 
universe than for a flat universe. The oppposite is true for a closed universe. 
Therefore, the first peak should appear at lower £ in a closed universe. However, 
the position of peaks is also affected by initial conditions, as can be seen from 
Eq. (2.47) and, consequently, Eq. (2.69). Depending on whether the initial 
conditions are adiabatic or isocurvature, the fluctuations oscillations follow a 
cosine or a sine law. This is the reason why the peak location strongly depends 
on initial conditions as well. In a flat universe the first peak is expected to 
appear at £ ~ 220 for adiabatic initial conditions. Curvature also controls the 
ISW contribution to the power spectrum. In a universe with non-vanishing 
the dynamics eventually becomes curvature-dominated, thus giving rise to a 
late ISW effect and resulting in an enhancement of power at large scales. 
Baryon density also plays an important role in determining the shape of 
the power spectrum. It becomes significant at intermediate scales, where the 
oscillations of the baryon-photon fluid are imprinted. A higher baryonic density 
translates in an increase in R, the effective fluid mass. As we have already seen, 
this leads to greater compression inside potential wells and further displaces 
the oscillation zero point. The result is an enhancement of compression peaks. 
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At the same time, higher baryon density decreases the fluid velocity (hence the 
Doppler contribution) and prolongs the oscillation period. This means that the 
distance between consecutive peaks is increased. Finally, if more baryons are 
present, the mean free path of the photons becomes shorter, so the damping 
scale is decreased. Consequently, exponential suppression of fluctuations due 
to damping occurs at higher 
The presence of a cosmological constant affects the gravitational contribu-
tion to the anisotropies. First of all, it delays the epoch of matter-radiation 
equality, thus enhancing the early ISW effect. If ^ 77*, the ISW effect en-
hances the first acoustic peak. Besides, it becomes the dominant component 
after matter domination, causing the gravitational potential to evolve in time 
and contributes to the late ISW effect. 
+ 
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Figure 2.8: Dependence of the power spectrum on the curvature and cosmological 
constant. Reprinted from [49]. 
The Hubble constant also influences the anisotropy power spectrum, but 
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Figure 2.9: Dependence of the power spectrum on the baryon density. Reprinted 
from [49]. 
in a very complicated way. Its effect depends on which other parameters are 
held fixed while we allow HQ to vary. For instance, if the spatial curvature and 
cosraological constant are fixed, lowering the Hubble constant has the same 
effect as the presence of A we described above. The combined effect of HQ 
and other parameters will become clear below, where we review the so-called 
'geometrical degeneracy'. For now, we should note that the Hubble constant 
affects the power spectrum through its combinations with density parameters 
(i.e. the lo^ parameters, where = ^xh'^ and x denoting a matter species, 
curvature or cosraological constant). 
We already know that global reionisation tends to sraear out fluctuations 
at small scales, as it increases the photon diffusion length. The earlier this 
happens, the larger the values of f where fluctuations are suppressed. Finally, 
we note that an increase in the spectral index, n, would boost fluctuations at 
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small scales, therefore enhance the corresponding part of the power spectrum. 
It should be obvious by now that the CMB power spectrum is characterised 
by degeneracies. The locations and heights of the peaks depend on a multitude 
of parameters, a fact that renders the extraction of cosmological parameters 
from the CMB data alone unreliable. As an illustrative example, let us consider 
the geometrical degeneracy described in [50]: 
We recall that the shape of the CMB anisotropy spectrum mainly depends 
on two physical scales: the sound horizon at the time of recombination and 
the angular diameter distance to the surface of last scattering. The former de-
pends on the matter density but is independent of the spatial curvature or dark 
energy, since they are negligible at the time of recombination. The angular 
diameter distance, that depends on the matter density, spatial curvature and 
dark energy density, defines the correspondence between acoustic peaks of &£ 
and the peaks in the power spectrum Q (since the anisotropies are projected 
to the present from the last scattering surface through the angular diameter 
distance). This mapping results in a nearly exact geometrical degeneracy be-
tween combinations of cosmological parameters. Different models can have 
almost identical power spectra if they have[50]: 
1. identical matter densities u>b and Ucdm 
2. identical primordial power spectra 
3. identical values of acoustic peak location parameter: 
^ = W ^ sin^ {yV\^\) > (2.71) 
2. Overview of CMB anisotropies 74 
with 
y = / , . (2.72) 
J VUmO! + WfcO:^  + WA(r 
OR 
where w* = is the scale factor at recombination normalized so that 
cto = 1 and sin^r a; becomes sin a; for a closed universe (fife < 0), sinhx for an 
open universe {Qk > 0) and x for a flat universe = 0). Therefore, if we fix 
cub, Ucdm and TZ, we can produce degeneracy lines on the (Oa, ^k) plane. Models 
that lie on a specific degeneracy line have identical power spectra at large 
multipoles, although they have different cosmological parameters. At large 
scales the degeneracy breaks down and one can discriminate among different 
models, because the ISW effect differs. Figures 2.10, 2.11 show such degeneracy 
lines on the (Oa, ^k) plane. 
This geometrical degeneracy is almost exact and cannot be broken, un-
less other astrophysical data are taken into account. Therefore, one combines 
the CMB dataset with other experimental data, such as observations of su-
pernovae, the Lyman a forest and large scale structure surveys (2dFGRS) in 
order to break the degeneracies and place constraints on the various cosmo-
logical parameters. 
We will use this geometrical degeneracy in Chapters 4 and 7 to identify the 
class of closed universes which have the same power spectrum as that derived 
from the WMAP data. If we implement the requirements for the geometrical 
degeneracy, we find that the shape of the power spectrum at large scales is 
defined by the curvature, or equivalently, the Hubble constant. Consequently, 
the Hubble parameter will play a crucial role in our results given the fact that 
we are concerned with large-scale CMB anisotropies. 
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Figure 2.10: Degeneracy lines for closed models on the plane. All mod-
els have u>rri = 0.14. The models with % = 1.73 and the WMAP best fit model 
have almost identical power spectra at large multipoles; we taJte advantage of this 
degeneracy in section 4.2. 
Estimates of the Hubble constant range from 50 km/sec/Mpc [51, 52] to 
100 km/sec/Mpc [53], with most studies placing it in the 70 — 75 km/sec/Mpc 
range. It can be calculated from the redshift of galaxies at known distances. 
These distances have to be as short as possible in order to obtain the present 
value of the Hubble parameter, but still long enough for the redshifts to be 
of cosmological origin (and not due to peculiar motions). Therefore, efforts to 
measure HQ have concentrated on methods to determine distances to galaxies 
outside the Local Group. These can be cast into two categories: methods 
that use global galactic properties to derive distances and methods that use 
standard candles as distance indicators. Most of these make use of the Cepheid 















0.3 0.4 0.5 0.6 0.7 
Figure 2.11: Degeneracy lines for open models on the plane. All models 
have ojm = 0.25. 
period-luminosity relation for calibration. 
Methods in the former category have examined features like the luminosity 
classes of galaxies, the 21-cm line, the relation between velocity dispersion 
and diameter, the surface brightness and the brightest galaxies in a cluster. 
More specifically, the luminosity classification, applied to spiral galaxies, is 
morphological and distance-independent. Thus, it was used to derive relative 
distances and yielded values of HQ around 56 km/sec/Mpc [54, 55]. Regarding 
the 21-cm line, it can be used to infer the mass and luminosity of a spiral 
galaxy, since it is correlated with its rotational velocity. The first to apply this 
method to determine distances were Tully and Fisher [56]. Studies involving 
this method have produced HQ ~59 km/sec/Mpc and HQ ~66 km/sec/Mpc 
depending on the sample and the calibration of the Tully-Fisher relation; in 
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the first case, however, the resulting Hubble diagram exhibits a large scatter 
of unknown origin [57]. The rest of the methods in this category make use of 
E/SO galaxies and produce ^fo=54-60 km/sec/Mpc. 
Methods in the latter category have used RR Lyrae stars, Cepheids, the 
brightest stars in a galaxy, novae and super novae, the tip of the red giant 
branch, planetary nebulae and globular clusters [57]. Several of these present 
significant problems: the luminosity of the brightest stars in a galaxy is not 
universal, but rather depends on the size of the host galaxy; likewise, the 
luminosity function of globular clusters is not unique. Moreover, distance esti-
mations via the brightest planetary nebulae depend on population size, chem-
ical composition and age. Both the planetary nebula luminosity function and 
the tip of the red giant branch cannot be used as distance indicators beyond 
the Virgo cluster; however, they can provide an independent check of other 
methods that determine distances within this range. Regarding Cepheids and 
RR Lyrae, the zero points of their distance scale are still under debate. Fur-
thermore, the dependence of the absolute magnitude of RR Lyrae stars and 
the period-luminosity relation of Cepheids on metallicity are not well under-
stood. In addition, although distance determinations via Cepheids and RR 
Lyrae agree within their error margins, the distances derived from the latter 
always appear shorter [58]. Finally, observations of novae would require a lot 
of telescope time and have not attracted much attention in recent times. 
In the following we will be using the result from the Hubble Space Telescope 
(EST) Key Project which was designed to determine HQ within 10%. The HST 
Key Project had 4 primary goals [59]: 
1. to discover Cepheids in nearby galaxies in order to establish a local dis-
tance scale; 
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2. to use Cepheids to calibrate other methods of distance estimation and 
derive HQ] 
3. to compare distance estimation via Cepheids with other methods; and 
4. to explore the universality of the Cepheid period-luminosity relation and 
how it is affected by metallicity. 
The HST provided data of superior quality, since its observations were not 
affected by atmospheric seeing and were therefore able to probe distances ten 
times greater than those probed by ground-based telescopes. The HST team 
used their derived Cepheid distances in combination with type la and H su-
pernovae, the Tully-Fisher relation, surface brightness fluctuations of galax-
ies and the relation between velocity dispersion and diameter in galaxies and 
found iyo=72d=8 km/sec/Mpc [59]. The main sources of errors are the un-
certainty with regard to the exact distance of the Large Magellanic Cloud 
(whose Cepheids have been used for calibration), photometric calibration of 
the Wide Field and Planetary Camera 2, the effect of metallicity on the period-
luminosity relation of Cepheids and cosmic scatter in the density and velocity 
fields resulting in variations of HQ at very large scales [59]. Some authors regard 
this value of HQ as too high and have objections as to the period-luminosity 
function used and the extinction values in the LMC and suggest that the Key 
Project result is affected by the Malmquist bias [57, 60]. However, the HST 
Key Project team reports that all methods they used gave similar results and, 
furthermore, their result was in agreement with results obtained from meth-
ods independent of Cepheid distances, such as the SZ effect and gravitational 
lenses [59]. 
Chapter 3 
CMB experiments and data 
analysis 
3.1 Overview of CMB experiments 
The existence of the CMB was predicted in the 1940's in the context of the 
Big Bang model. However, it was not discovered until 1964 by Penzias and 
Wilson while testing an antenna built for a communications satellite. The first 
breakthrough in CMB cosmology came with the COBE satellite, although 
there have been a few ground-based and balloon- borne experiments prior to 
that mission, aimed at large and intermediate scales. COBE was launched in 
1989 and took measurements over a period of four years. It confirmed the 
blackbody nature of the CMB and probed its temperature anisotropy on large 
scales (2 < £ < 30) with great accuracy, confirming the theoretical predictions 
of the Sachs-Wolfe mechanism. Having established the presence of temperature 
fluctuations of the order of 10~®, it set the stage for a series of experiments 
aspiring to measure the anisotropics with better accuracy. 
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The CMB experiments in the 1990's were either ground-based or balloon-
borne. The latter have the advantage of reduced atmospheric emissions with 
respect to ground-based experiments. Technological advancements have in-
creased the flight length of the balloons used, so that balloon borne experi-
ments might one day rival satellite missions. Some of the most well known 
experiments that followed COBE are Boomerang, Maxima and ARCHEOPS, 
which are all balloon-borne, and DASI, CBI, VSA and ACBAR, which are 
ground-based arrays of interferometers. 
Boomerang was the first experiment to perform a long-duration flight. Its 
initial data release covered a scale range up to ^ ~ 600, but this was subse-
quently extended to £ ~ 1000. Maxima has a similar angular resolution and 
range to Boomerang. Finally, ARCHEOPS produced data covering large to 
intermediate scales, with its results at low i in agreement with those of COBE. 
As far as ground-based experiments are concerned, DASI and VSA probed in-
termediate scales up to ^ ~ 1000 and their results confirmed the findings of 
Boomerang. CBI and ACBAR reached much smaller scales, in the region of 
i ~ 3000. Their data was combined with that of WMAP for the determination 
of cosmological parameters. Fig. 3.1 shows the results of CMB experiments 
prior to 2003. 
WMAP has been the most ambitious CMB mission to date. It was launched 
in June 2001 and is still observing the sky in five frequencies from the L2 
point of the Sun-Earth system. Its accuracy in large to intermediate scales 
has surpassed that of previous experiments. Fig. 3.2 compares the angular 
resolution of WMAP to that of COBE. February 2003 saw the release of its 
first year data [62, 63, 64, 65, 66, 67], an event that spawned a lot of activity 
within the cosmology community. Up to that time, WMAP had probed scales 
from 1 = 2 — 900, but its data suffered from large errors beyond £ ~ 400, so 
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Figure 3.1: The CMB temperature anisotropy power spectrum prior to the release 
of the WMAP data. 
that its data had to be combined with that of experiments providing reliable 
data at small scales, such as CBI and ACBAR. The errors at large £ were due 
to the limited observation time and were expected to decrease as WMAP keeps 
making measurements. This was indeed the case, as we saw from the 3-year 
results, announced in the spring of 2006 [68, 69, 70]. The power spectrum at 
£ > 100 has been determined with more accuracy, but for ^ > 600 external data 
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) 
Figure 3.2: The CMB sky as seen by COBE (top) and WMAP (bottom). Prom 
[61]. 
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is still needed. The temperature anisotropy power spectrum from the 3-year 
data also shows some differences in the low-^ region and points to a significantly 
lower reionisation optical depth, as we discuss further below. Fig. 3.3 shows the 
temperature and temperature-polarisation cross power spectra as determined 
from the first-year WMAP dataset. We see that the location of the first peak is 
clearly defined and can be regarded as evidence that we live in a flat Universe. 
Furthermore, it supports the view that the initial perturbations were adiabatic 
(although it has been argued that an isocurvature contribution is not ruled out, 
the isocurvature component cannot be very significant in comparison to the 
adiabatic one [71]). The model that best fits the data is believed to be a flat, 
ACDM Universe. The constituents of the Universe in this currently accepted 
model are: 
• Dark energy in the form of a cosmological constant (or a field) amount-
ing for 74% of the total density of the Universe. The evidence for the 
existence of such a component comes from observations of type la super-
novae [72, 73] suggesting that the expansion of the Universe accelerates. 
A CDM model where the accelerated expansion is due to a dynamic field 
whose equation of state is eiter constant or evolving with time is also 
consistent with the WMAP data. There are, however, objections as to 
whether the supernovae observations confirm the existence of dark en-
ergy [74] and claims that CMB observations can be explained without 
the need for such a component [60]. 
• Dark matter amounting to 22% of the total density of the Universe. The 
existence of dark matter was first postulated in [75, 76], where the total 
mass of the Coma cluster inferred from observed velocities of galaxies 
was found to be several hundred times bigger than the visible matter. 
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Figure 3.3: The CMB temperature (top) and temperature-polarisation (bottom) 
power spectra as determined from the first year WMAP data. The grey band depicts 
the cosmic variance (defined in 3.2). From [61]. 
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Other observational evidence for the existence of dark matter comes from 
galactic rotation curves and gravitational lensing. In both cases the 
amount of visible matter does not suffice to explain the observations and 
the presence of another form of matter that would only interact with 
ordinary matter gravitationally is required. Furthermore, dark matter 
is a necessary component in the currently accepted scenario of structure 
formation. 
However, it has been proposed that the observed missing mass in clus-
ters and galaxies can be attributed to the fact that Newton's law is only 
applicable at small scales. A suitable modification of Newtonian dynam-
ics would explain the galactic rotation curves [77] without invoking dark 
matter. We should mention though, that some recent observations are 
better explained through the dark matter hypothesis than the modified 
Newtonian dynamics scenario [78]. Baryonic matter amounting to 4% of 
the total density of the Universe. 
The best-fit model also has an almost scale-invariant power spectrum of initial 
perturbations. More specifically, the WMAP team reports the total density of 
the Universe to be flo = 1.02 ± 0.02 and the spectral index of the primordial 
power spectrum n — 0.99. Taking into account other astrophysical data as well 
as other CMB experiments, the WMAP team were able to place constraints on 
other cosmological parameters of the power-law ACDM too [79, 65]. In par-
ticular, they inferred a Hubble constant of 71 ±5 km/sec/Mpc and a baryon 
density = 0.024 ± 0.001. This value is in remarkable agreement with 
the baryon density inferred from measurements of the primordial deuterium 
abundance relative to hydrogen by Lyman a observations [80, 81]. The data 
also show evidence for a varying spectral index (rfn/dln A:^0), which is con-
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Cosmological parameters derived from W M A P - 1st year data 
Parameter Symbol Value Uncertainty 
CMB Temperature (K) TCMB 2.725 ± 0.002 
Total density f2o 1.02 ± 0.02 
Hubble constant (km/sec/Mpc) HO 71 + 4 - 3 
Matter density 0.27 dz 0.04 
Baryon density 0.044 ± 0.004 
Dark energy density 0.73 ± 0.04 
Dark energy eq. of state W < -0.78 95 C.L. 
Spectral index n 0.93 ± 0.03 
Amplitude of fluctuations 0"8 0.84 ± 0.04 
Optical depth to reionisation T 0.17 ± 0.04 
Age of Univese at decoupling (kyr) ^dec 379 + 8 - 7 
Age of Universe (Gyr) TO 13.7 ± 0.2 
Table 3.1: Basic cosmological parameters for the best-fit ACDM model based on 
the 1st year WMAP data only. 
sistent with a number of inflationary models [66]. The error on the 'running' 
{dn/dhxk) is quite large, but should improve in the coming years. A run-
ning spectral index is expected to remedy some shortcomings of the power law 
ACDM model [65, 82] and exclude a multitude of inflationary scenarios. Other 
parameters considered involve dark energy and neutrinos. A combination of 
the WMAP data with the HST project, 2dFGRS and Lyman a data yields a 
constraint on the dark energy equation of state, w < —0.78 (assuming that 
dark energy is a scalar fleld [83, 84]). Finally, the upper limit on the neutrino 
density is < 0.0076. Table 3.1 summarizes the constraints on cosmological 
parameters from the 1st year data. 
Although the WMAP dataset confirmed many of the pre-existing assump-
tions regarding cosmological parameters (for instance, the ISW effect at low 
£) and answered a lot of questions, at the same time it posed new, tantalis-
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ing problems. One of them is the unexpectedly strong signal at low ^ in the 
temperature-polarisation cross power spectrum. Until the 3-year data was re-
leased it regarded as an evidence for early reionisation, at z ^ 17 [64]. This 
would require the presence of an early generation of stars, able to reionise the 
Universe, thus ruling out the possibility of a significant warm dark matter den-
sity. Warm dark matter lacks the ability to cluster in small objects, so that 
in such a scenario the first structures would not appear before z ~ 8. In the 
3-year data however, the reionisation redshift has been pushed closer to the 
present, at z ^ 11 [70]. 
The other puzzling discovery is an intriguing lack of power at low multipoles 
that has been a subject of debate among cosmologists for quite some time. The 
power in the quadrupole and octopole of the temperature anisotropy power 
spectrum seems to be very low with respect to the ACDM prediction; this 
feature was also present in the COBB data. This discrepancy sparked a wealth 
of activity and many scenarios have been put forward in an attempt to decipher 
it; these range from propositions attributing it to systematics, modifications 
of inflationary models, or, indeed, of the standard cosmological model itself, to 
suggestions that it could be the imprint of a non-trivial topology. The present 
work will focus on this anomaly, attempt to assess its statistical significance 
and infer the plausibility some explanations, mainly the possibility of a multi-
connected topology. 
While this thesis was being completed, the WMAP team released the 3-
year cumulative data to the public. They claim that the ACDM model still 
fits the data really well and there are no significant changes to the constraints 
on the various cosmological parameters of the fiducial best fit model placed 
by the data. The only exception is the reionisation optical depth, showing a 
notable decrease and thus moving the reionisation era closer to the present. 
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Cosmological parameters derived from W M A P - Syr data 
Parameter Symbol Value Uncertainty 
Hubble constant (km/sec/Mpc) HQ 73.5 ± 3.2 
Matter density 0.237 ± 0.034 
Baryon density OkA? 0.02230 + 0.00075 - 0.00073 
Dark energy density Oa 0.763 ± 0.034 
Spectral index n 0.951 ± 0.016 
Amplitude of fluctuations 0"8 0.742 ± 0.051 
Optical depth to reionisation T 0.088 + 0.028 - 0.034 
Table 3.2: Basic cosmological parameters for the best-fit ACDM based on the 
WMAP 3-year data. 
The basic cosmological parameters from the 3-year data are shown in Table 3.2. 
While the overall results regarding the temperature anisotropy and its 
power spectrum remain largely unchanged, this is not true of the results in 
the large scale regime. Specifically, the power deficit at low i is less promi-
nent in the 3-year power spectrum (see Fig. 3.4), improving the fit of the flat 
ACDM. However, this difference between the 1st and 3-year power spectra 
does not arise from any changes in the WMAP data; it is purely the result of 
different analysis techniques. The WMAP team used a quadratic estimator to 
derive the low multipoles from the 1st year data, but in the case of the 3-year 
data they followed Efstathiou's method for extracting the Q s for large scales. 
Our analysis also takes into account the new data, as this illustrates the effect 
of different data analysis methodologies on our results. 
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Figure 3.4: The large-scale temperature anisotropy power spectrum from the 1st 
year and 3-year WMAP data. 
3.2 Data analysis 
We can rewrite the temperature anisotropy decomposition into multipoles as 
AT 
~Y 
=^+00 (^ . ^ (t>) , (3.1) 
( = — O O ?71= 
where Q = We are interested in inferring Q from our measurements 
and relate it to the various cosmological parameters. However, there is a 
fundamental limitation to the accuracy we can achieve. Various cosmological 
models predict the average power in a given multipole that one would see in 
an ensemble of universes. Unfortunately, we are limited to only one Universe 
and a set of -t- 1 multipole moments for each multipole. This leads to an 
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inevitable error of 
~ y 2^ + 1 
This effect is known as 'cosmic variance' and renders the measurement of the 
lowest multipoles particularly problematic, especially of the quadrupole = 2) 
and octopole (i = 3) which will concern us later. For experiments that do not 
cover the whole sky, there is an additional source of error: it is called 'sample 
variance' and scales as l/\/fsky, where fsky is the fraction of the sky probed by 
the experiment in question. Finally, we should not forget the contamination 
of the CMB signal by foregrounds and the instrumental noise that add to the 
overall error. 
In spite of these obstacles and limitations, the quality of data provided by 
the CMB experiments improves steadily. These experiments provide us with 
a timestream of data, that must subsequently be analysed to yield the desired 
information (power spectrum, cosmological parameters). Here we outline the 
principles of CMB data analysis. 
A measurement of the CMB can be parameterised as [85] 
di — ^ 2 -^ ipTp + Ui , (3.3) 
p 
where di is the data at time ti, Tp is the mean temperature at pixel p and rii 
is the noise at time Aip is the point operator with Aip = 1 when pixel p 
is observed at time p and Aip = 0 otherwise. We usually assume the noise 
to have a Gaussian distribution with covariance matrix {niUii) = Nai and be 
stationary, N-tt' = N{\t — t'|). From the timestream of Eq. (3.3) we calcu-
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late the temperature of the CMB sky Tp, the power spectrum Cg and various 
cosmological parameters. 
The first step consists of constructing a map out of the data. We must 
therefore calculate the optimal estimator for the temperature from the data. 
According to Bayes' theorem 
P{9\DI)<xP{9\I)P{D\ei) , (3.4) 
where P{A\B) is the probability of proposition A given proposition B. 9 rep-
resents the set of parameters we wish to determine, D is the data and I refers 
to the background information. Eq. (3.4) says that the posterior probabil-
ity for 9 given the data {P{9\DI)) is proportional to the prior probability 
of the parameters {P{9\I)) times the probability of the data given the set of 
parameters 9 (the likelihood function). A normalisation factor known as the 
'evidence' also enters Eq. (3.4) and is the probability of the data D given the 
background information I. We discuss it in more detail in the following chap-
ter (see Eq.( 3.10)). 
The likelihood function for T is 
~hd-ATyN-\cl-AT) (3.5) 
If we take a uniform prior P{T\I), the likelihood for the most probable map 
f i s 
P{d\TI),xP(f\TI) = ' exp 
y/2ir\CN\ 
, (3.6) 
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with 
f = {A^N-^A)-^A^N-'^d and CN = . (3.7) 
If we assume that the prior on the temperature is a Gaussian with zero mean, 
the posterior of the temperature is still given by Eq. (3.6), but now the mean 
tempera ture is = CT{CT + CN ) ' ' ^T and the variance is Cw = CT{CT + 
CN)~^CT- This is essentially an implementation of the Wiener filter (thus the 
superscript). In order to calculate the power spectrum, we take the signal to 
be drawn from a distribution with variance given by [86] 
Cr=(TpTp/) = B^Yem{%)Yem'{%'){aemae'm') 
im/'m' 
where Xp is the position of pixel p and is the spherical harmonic transform of 
the beam and pixelization function [87]. The posterior for the power spectrum 
is then: 
(3.9) 
This equation cannot be solved analytically to yield the power spectrum. Be-
cause it is possible to calculate the derivatives of the likelihood function, one 
can find the point where dP{Ce)/dCe = 0 and calculate the curvature around 
that point [88, 89]. This is sufficient because the likelihood space usually has 
a unique maximum. The main drawback of this method is that a calcula-
tion of the derivatives of the likelihood function requires 0{N^^) operations. 
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which renders it impossible for high-resolution experiments, such as WMAP. 
However, there exist methods that can efficiently approximate the likelihood 
based on few quantities that are relatively easy to calculate, such as the radical 
compression of [90], which is in fact used by the WMAP team for the low-f 
region. 
3.3 Model comparison 
The notion and implementation of model comparison are central to this work. 
In the following we will need to compare alternative cosmological models to 
the standard one using CMB data. Our approach makes use of Bayesian 
techniques, whose basic principles we shall now review. The use of Bayesian 
methods is a relatively new concept in cosmology. It was first developed in [91, 
92, 93]. Other implementations of these statistical methods include e.g. [94, 95, 
96, 97, 98, 99], again regarding parameter estimation and model comparison. 
Let us assume we wish to compare two models, m and n, with respect to 
how well their predictions fit data obtained via some experiment. Supposing 
the parameter set for m is 6, the posterior probability for 9 given the data D 
is 
p(e\Di^) = (3.10) 
and, of course, a similar equation holds for n. Here 1^ is all background 
information we have on m prior to the experiment. Also, P{6\Im) is the prior 
on the parameters and P{D\6Ir„) is the likelihood function. The quantity 
P(D|/j„), known as the 'evidence', is the integral of the likelihood function 
with respect to the priors on the parameters over the whole parameter space; 
3. CMB experiments and data analysis 94 
f (D|7^) = y f (g|f . (3.11) 
The evidence can also be interpreted as the 'model likelihood' as is apparent 
from its formulation: it is the likelihood of the data given a model m. It serves 
as a normalizing factor of the posterior. Alternatively, it can be expressed as 
a product of the likelihood function at its maximum times the Ockham factor, 
through the definition of the latter (see eg. [100]): 
P{D\Im) = ^^ m{Omax)Om, (3.12) 
where Lm is the likelihood function for model m (the second factor in the 
integrand of Eq. (3.11)), 9max is the set of parameter values that maximize it 
and Om is the Ockham factor. Let us assume that the prior varies slowly with 
respect to the likelihood, so that we can rewrite the evidence as 
P{D\lTn) = P{dmax\Im) J Cm{0)d9 . (3.13) 
Now, if both the likelihood and the prior are flat, we deduce from Eqns. (3.12), 
(3.13) that Om is the ratio of the ranges of the posterior and the prior. If they 
happen to be Gaussian distributions, the ratio is that of the determinants 
of the covariance matrices. We could say, therefore, that the Ockham factor 
expresses the ratio of the volume of the posterior to the volume of the prior. 
In order to compare the two models, m and n, we use the ratio of their 
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probabilities, 
Pim\DI) ^ P{m\I) PjDlIm) ^ P(m|/) 
P{n\DI) P{n\I) PiD\Q P{n\I) 
with 
Bmn ) (3.14) 
^ _ P{D\Im) /g 
Bmn is referred to as 'the Bayes factor'. We see that the ratio of probabilities 
can be expressed in terms of a factor comprising the background information 
on each model (theory) and a factor that only depends on the data (experi-
ment). The latter is, of course, the Bayes factor. In the absence of any prior 
information favouring one model over the other, only the Bayes factor can dis-
tinguish between the two. It is also important to note that the Bayes factor 
incorporates the essence of the Ockham razor by construction: Eq. (3.11) im-
plies that simpler models with a more compact parameter space are preferred, 
unless more complicated ones provide a much better fit to the data. 
The value of the Bayes factor is a measure of the plausibility of a model 
with respect to some alternative and can be roughly interpreted as follows 
[101|: 
• 1 < Bmn ^ 3: the evidence in favour of m is insignificant 
• 3 < Bmn ^ 20: the evidence in favour of m is definite, but not strong 
• 20 < Bmn ^ 150: the evidence in favour of m is strong 
• Bmn > 150: the evidence in favour of m is very strong 
Alternatively, the Bayes factor can be related to the 'number of sigma', ua, 
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by which a theory is favoured through 
z/ = V 2 H M • (3.16) 
These tools will enable us to test the standard cosmological model against 
alternative propositions using CMB data. In particular, we will be using the 
CMB temperature anisotropy power spectrum and/or the full correlation ma-
trix for large scales, depending on the model(s) in question. This is motivated 
by the bad fit plaguing the standard model at those scales, which is presented 
in the following chapter. 
Chapter 4 
The power deficit at low 
multipoles 
4.1 Introduction 
The highly anticipated 1st year WMAP data gave us the opportunity to ex-
tract a wealth of information on fundamental properties of the Universe, but 
they also posed some tantalising questions. One of the most intriguing is the 
apparent lack of power in the CMB temperature anisotropy power spectrum at 
large scales. The WMAP data seem to be consistent with a flat, cold dark mat-
ter Universe dominated by dark energy and whose primordial perturbations 
are adiabatic and exhibit a nearly scale invariant power spectrum. However, 
the power in the CMB anisotropics at £ = 2,3 measured by WMAP is signif-
icantly lower than that predicted by this model. This is evident not only in 
the power spectrum, but in the temperature anisotropy correlation function as 
well (Figures 4.1,4.2). 
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Figure 4.1: The CMB temperature anisotropy power spectrum for the best-fit 
ACDM model compared with the binned first year WMAP data. There is a promi-
nent lack of power at ^ = 2,3. 
The temperature anisotropy correlation function is defined as 
(4.1) 
and can be related to the power spectrum via 
C(fl) = i ^ Q F < ( c o s 9 ) . (4.2) 
The WMAP team derived the correlation function from their ILC map by 
calculating the average over pixels at a given separation. This is nearly equiv-
alent to using Eq. (4.2) to calculate the correlation function for a Gaussian 
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Figure 4.2: The CMB temperature anisotropy 2-point correlation function as de-
rived from the WMAP data (blue), as predicted by the best-fit ACDM (purple), 
from the best-fit ACDM with C2 and C3 lowered to the measured values (red), from 
the WMAP data with Cg and C3 raised to the theoretical values (light blue) and 
as derived from the ILC map by Bennett et al (brown). This refers to the 1st year 
data. 
distribution with enough samples, because in that case the pixel average ap-
proximates the ensemble average of Eq. (4.2). This is evident from Fig. 4.2 
(compare the blue and brown lines). The correlation function derived from the 
data is nearly zero from 60 degrees onwards in contrast to the predictions of 
the best-fit ACDM. We calculated the correlation function from the WMAP 
power spectrum but using for C2 and C3 the values predicted by the best-fit 
model and found that it was in very good agreement with the theoretical pre-
diction. We also calculated it from the theoretical power spectrum but with 
C2 and C3 lowered to the experimental values and saw that it matched the cor-
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relation function derived from the map and the WMAP power spectrum well. 
This simple exercise shows us that the power deficit is not related to any other 
effect such as strange multipole correlations; it is just a phenomenon of low 
power at the largest scales. However, such correlations do exist, as shown in 
[102, 103] where it is also argued that they are not mere statistical fluctuations 
and even persist in higher multipoles. 
4.2 Removing the discrepancy 
Since the publication of the WMAP data there has been a multitude of ef-
forts to decipher the cause of the observed low power at large scales. Some 
of the propositions put forward invoke new physics to account for it, while 
others attribute it to some kind of systematic effect. In the following we 
will review some representative models from both categories and employ the 
Baysian model comparison techniques already described in order to assess their 
statistical significance. Our results have already appeared in [104]. 
4.2.1 A flat model with a cut-off in the primordial power 
spectrum 
The most obvious way to suppress power at large scales in the CMB power 
spectrum would be to introduce a cut-off in the primordial power spectrum of 
perturbations. The temperature fluctuations transfer functions peak around 
A:77o ~ where ^'^l.SxlO^Mpc is the current size of the Universe. Therefore, 
lowering the power at A:<10~^Mpc~^ would result in a suppression of the CMB 
power spectrum in the £<4 regime. A characteristic model of this type is 
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Figure 4.3: CMB power spectra for various values of the cut-off wavenumber kc 
presented in [105], where the primordial spectrum is of the form 
P(k) = Ak''[l - e-C'/k)"! (4.3) 
Here A is the amplitude of scalar perturbations and n is the spectral index. 
kc is the cut-off scale, which determines the amount of suppression at large 
scales and a is a parameter that can be adjusted so that the CMB power 
spectrum derived from Eq. (4.3) fits the rise at low i of the power spectrum 
from the WMAP data. Fig. 4.3 shows some CMB power spectra for a flat 
ACDM model with the same properties as the WMAP best fit, apart from the 
primordial power spectrum, which is given by Eq. (4.3). In order to calculate 
the evidence, we set q;=1.8 and let kc vary, because changing a had no effect 
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Figure 4.4: The hkehhood function as a function of the cut-off wavenumber kc-
on the Ukelihood function. The likehhood function as a function of the cut-off 
wavenumber is shown in Fig. 4.4 We see that the likelihood function peaks 
around Mpc"^, in agreement with the results of Contaldi et al., 
who determine the optimal cut-off wavenumber to be kc^{5 — 6) x 10~^Mpc~^ 
The evidence for this model is 
f (D|cut-off) = / dkc C{kc)p{kc) , (4J0 
where p(fcc) is the prior on kc- Assuming a flat prior in the region [0, 0.001]Mpc~^, 
Eq. (4.4) yields f(D|cut-off) = 0.0025, which is 2.7 times higher than the evi-
dence for the WMAP best-fit model. However, a flat prior emphasizes values 
of kc around 5xlO~'^Mpc~\ the a posteriori best-fit cut-off; in other words, it 
is equivalent to some kind of fine-tuning. 
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4.2.2 A slightly closed model 
A slightly closed universe is actually marginally favoured by the 1st year 
WMAP data, which indicate that Qq = 1.02±0.02. We have already seen 
that one of the degeneracies of the CMB power spectrum, is the so-called 
geometrical degeneracy [50], that allows models of different spatial curvature 
to exhibit the same CMB power spectrum. This means that there could ex-
ist closed and open models that have the same CMB power spectrum as the 
WMAP best fit. But what would the constraints on such models be? Let 
us recall that the shape of the CMB power spectrum mainly depends on two 
physical scales: the sound horizon at the time of recombination and the an-
gular diameter distance to the surface of last scattering. The former depends 
on the matter density but is independent of the spatial curvature or the dark 
energy content, since they are negligible at the time of recombination. The 
angular diameter distance, which depends on the matter density, spatial cur-
vature and dark energy density, defines the correspondence between acoustic 
peaks of 0^ and the peaks in the Q power spectrum(since the anisotropics are 
projected to the present from the last scattering surface through the angular 
diameter distance). This mapping induces a nearly exact geometrical degen-
eracy between combinations of cosmological parameters. As we have already 
mentioned, models of different curvature can have almost identical CMB power 
spectra if they have identical matter densities wg, and Ucdm, primordial power 
spectra and values of the acoustic peak location parameter TZ (see section 2.5). 
Therefore, if we fix u)cdm and % to the values of the WMAP best fit, we can 
produce closed universes that have the almost the same CMB power spectrum 
as the fiducial model, the curvature being the only free parameter. Due to 
the nature of the geometrical degeneracy, the curvature of degenerate models 
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is related to their Hubble constant, so that the latter can be used as a free 
parameter as well. Fig. 4.5 shows the relation between the two parameters for 
closed universes that have the same CMB power spectrum as the WMAP best 
fit model at smaller scales. 
55 
Figure 4.5: Relation between the curvature and the Hubble parameter of closed 
models which have the same CMB power spectrum. Their CMB power spectra are 
also identical to that of the WMAP best fit at smaller scales. 
The only difference among CMB power spectra of degenerate models would 
be in the large scale regime, where the contribution from the ISW effect be-
comes dominant. But what would cause a suppression at large scales in the 
CMB power spectrum in this case? A closed universe has a characteristic scale 
- its curvature scale Re- The wavenumbers k are discrete and are obtained from 
solving the Helrnholtz equation for spherical spaces (we will refer to this topic 
in more detail in section 6.1). In the absence of a concrete model describing 
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the origin of fluctuations in a closed universe (in the context of the inflationary 
paradigm the spatial curvature is always very close to zero after inflation), it 
is unclear how to extend the notion of scale-invariance to scales comparable 
to the curvature scale. One possibility, suggested by Efstathiou [106] would 
be the truncation of the primordial power spectrum on scales close to Rc. A 
heuristic formula describing this effect was given in [106]: 
(/)' - 4)' 
_ 1) 
/ / ) - 3 ' 
exp — (4.5) 
where (3 denotes wavenumbers for closed spaces. Only (3 > 2 contribute to the 
power at a given scale, because /5 = 0,1 are pure gauge modes with no physical 
meaning. These wavenumbers can be related to their flat space analogue k via 
/3 = (fc + 1)/^/K with K the curvature. Fig. 4.6 depicts theoretical CMB 
power spectra for closed universes with a primordial power spectrum given 
by Eq. (4.5) and the same values of tOcdm and Tl as those of the WMAP 
best-fit. Clearly, the truncation of the primordial power spectrum results in 
a suppression of power at low the amount of which is determined by the 
curvature (or, equivalently, the Hubble constant), allowing for a much better fit 
to the data than the standard ACDM model. The likelihood can be expressed 
as a function of either the curvature or the Hubble constant. We chose the 
latter, since it is easier to impose a prior on it. Fig. 4.7 shows the likelihood 
as a function of HQ. 
We set the prior on the Hubble constant, p(/i), to be a Gaussian with a mean 
h = 0.72 and a standard deviation a = 0.10. We further constrained h to lie 
in the range [0.52, 0.72]. The lower bound stems from the current constraints 
on the possible values of HQ based on experimental data. The upper bound 
is a consequence of the fact that along the geometrical degeneracy line higher 
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F i g u r e 4.6: CMB power spectra of slightly closed universes for various values of 
the Hubble constant. HQ is measured in km/sec/Mpc. 
values of h correspond to negative curvature. The evidence for this model is 
given by 
P(D|closed) = dhp{h)C{h) (4,6) 
and is found to be equal to 0.0034, which is 3.6 times the evidence for the 
WMAP best-fit. This means that a marginally closed universe is preferred at 
the 1.6(7 level, a fact that, together with the absence of a concrete mechanism 
for the generation of perturbations in a closed universe, does not justify aban-
doning the predictions of standard inflation. The Ockham factor for the model 
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F i g u r e 4.7: The likelihood function for a slightly closed universe with respect to 
Ho. 
in question is 0.370. 
Our choice for the prior is based on the results of the HST Key Project (see 
section 2.5). The reported estimate for HQ is 72 ± 8 km/sec/Mpc, so we set 
the mean to be 72 km/sec/Mpc and allowed for significant systematic errors 
by setting the variance to 10 km/sec/Mpc. We should point out that the prior 
we used favours higher values of HQ, where the likelihood is lower and this 
reduces the chances of the model in question. A flat prior on HQ in the same 
range would result in a higher evidence. Furthermore, extending the range of 
HQ into even lower values would increase the evidence as well, as is evident 
from the likelihood function in Fig. 4.7; this extension, however, would not 
affect the evidence significantly in the case of the Gaussian prior we used. 
It would be interesting to add more free parameters to this model, to see 
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F i g u r e 4.8: Contours of tiie likelihood marginalised over erg. Shown are the Icr and 
2o" defined by the equivalent ratio for a two-parameter Gaussian distribution. The 
asterisk marks the point of maximum likelihood. 
whether the fit could be further improved. In this case, we would assume that 
some mechanism would adjust the power spectrum at smaller scales to make it 
coincide with that of the WMAP best-fit. The extra parameters we added were 
the spectral index n of the primordial power spectrum of perturbations and erg. 
The prior on the former was a Gaussian with mean n = 0.97 and variance 0.07. 
The prior on the latter was also a Gaussian with mean ag = 0.95 and variance 
0.05. Furthermore, we placed the constraints nG[0.83,1.11] and crg6[0.6,1]. 
Fig. 4.8 shows contours of the likelihood function marginalised over erg. As 
expected, lower values of the Hubble constant are favoured, together with a 
spectral index close to unity. 
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The evidence is now given by 
f (D|closed) = Jdhdn das p{h)p{n)p{cr8)^{h, n, erg) (4.7) 
and is equal to 0.0008. We observe that the inclusion of two more free param-
eters dramatically decreases the evidence; the fit to the data has not signifi-
cantly improved, while the parameter space has grown larger. So, in agreement 
with Ockham's razor, the added complexity dilutes the evidence. This is also 
reflected in the very low value of the Ockham factor for this case, which is 
0.069. 
4.2.3 Experimental and analysis systematics 
New physics does not offer the only possible explanation of the large scale 
anomaly. It could equally be the result of some kind of systematic effect (such 
as foreground contamination), or some other factor that the data analysis 
methodology does not take into consideration. The simplest scenario would 
be that of an underestimation of the error bars of the lowest multipoles, Cg 
and C3. In other words, the physics of the standard ACDM model provide an 
accurate description of the universe we live in and the power deficit at low i is 
a result of miscalculating the corresponding means and error bars. Of course, 
the data analysis performed by the WMAP team is in all probability correct, 
a fact corroborated by COBE as well, so this idea can be interpreted in the 
following way: the quadrupole and the octopole are correctly measured, but 
their origin lies outside standard cosmology and remains unknown. 
We implement this idea by multiplying the errors of C2 and C3 by two 
factors, r2 and rg respectively. These parameters measure the increase in 
the errors of the lowest multipoles. Fig. 4.9 shows contours of the likelihood 





F i g u r e 4.9: Contours of the likelihood on the {r2-,r^) plane. Shown are the Icr and 
2cr contours. The likelihood is maximised in the upper right corner, where r2 and rz 
take their largest values. 
function for various values of rg and rg. 
The evidence is 
P{D\syst.) = / dr2drzp{r2)p{rz)C-{r2,rz) • (4 8) 
With flat priors on rg and in the intervals [1,200] and [1,150] respectively, 
Eq. (4.8) yields P{D\syst.) = 0.0387. The upper limits of these intervals have 
been chosen on the grounds of numerical convience and we should note that 
the likelihood function is essentially insensitive to them as long as n > > 1. It 
also makes no difference whether we use a uniform prior on r j or Inrj. The 
latter are equivalent to P(ri)ocl/rj, which is known as the Jeffreys prior and 
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is appropriate for scale parameters. 
Finally, let us note that the likelihood increases as the error bars increase; 
the larger the error bars, the more likely the data. What would happen if 
Ti —» oo? This is equivalent to ignoring the data for i = 2,3. Now the 
evidence is 0.0414, raising the Bayes factor to 44. Therefore, no model would 
ever be able to improve the fit at those scales by more than this 2.75a level. 
4.3 Preliminary conclusions 
The results of this analysis are summarised in Table 4.1 showing the Ockham 
and Bayes factors for each model along with the number of sigma by which 
they are preferred. 
Model Ockham factor Bayes factor a 
Best fit 
- 1 -
Flat with cutoff 0.441 &66 1.40 a 
Closed (h) 0.370 3.62 1.60 a 
Closed {h (7g n) 0.069 0.85 0.57 0-
Large error bars 0.945 41.2 2.73 a 
Table 4.1: Summary of the results of [104]. The Bayes factors, B, are all defined 
with respect to the 'Best fit' model of the first row, and the column 'a' is defined as 
y/2 |ln5|. The Ockham factors are defined in the text, section 3.3. 
We see that all models that invoke new physics have quite a low Bayes 
factor that does not favour them with respect to the best-fit ACDM model. 
Furthermore, the results of Table 4.1 do not incorporate the priors on the 
models themselves. Had we taken into account a prior on those models, the 
Bayes factors would have been even lower. The reason for giving low priors to 
the models in question is the fact that they were constructed with the purpose 
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to fit the WMAP data and they all require fine-tuning to produce the desired 
results. On the one hand, the cut-off in the flat model is imposed by fiat and 
the cut-off scale in the primordial power spectrum has to be fine-tuned, so 
that the power suppression in the CMB power spectrum features in the 'right' 
place. On the other hand, the curvature radius of the slightly closed model has 
to be fine-tuned as well, so that the primordial power spectrum is truncated 
again at the desired scales. Being contrived, these models should be assigned 
a low prior. 
The third model we have considered, a systematic error in the data analysis 
at large scales, is in itself experimentally unlikely; however it serves to show 
us the effect of disregarding the data at low In that case we get a Bayes 
factor of 44, corresponding to 2.75cr. This means that as far as power at 
large scales is concerned, no model will ever be preferred by more than about 
2.75(7. Consequently, in order to probe the physics on those scales, we must 
seek information other that the CMB temperature anisotropy power spectrum. 
One such possibility we will consider next is the class of models characterised 
by a non-trivial topology. In the context of non-trivial topologies, a power 
deficit would arise naturally as a consequence of the nature of space, without 
the need for a modification of the physics describing the generation of CMB 
fluctuations and their evolution. Moreover, these spaces are anisotropic, so 
that instead of just the CMB power spectrum, one should consider the full 
temperature anisotropy correlation matrix. Having more information at hand, 
we should gain more insight into the physics of large scales and be in a better 
position to decipher the mystery of the large scale anomaly. 
Chapter 5 
Non-trivial topologies 
5.1 Historical overview 
Topology studies the properties of manifolds with regards to continuous trans-
formations. Two spaces are said to be topologically equivalent if one can be 
continuously deformed into the other. Properties such as size, shape or geom-
etry are of no importance. For instance, a circle and a square are the same 
from a topologist's point of view. The same is true about a coffee mug and a 
ring. But a sphere and a ring do not belong to the same class; the first cannot 
be deformed in the latter, or vice versa, because one of them has a hole and 
the other does not. It follows that stretching, contracting or curving a surface 
does not alter its topology; however, cutting holes, adding handles or tearing 
yields different topological entities. 
We do not know of any a priori constraints on the topology of the Universe. 
We can only fix the the geometrical properties of spacetime, via Einstein's 
equations. The general relativity equations are partial differential equations, 
therefore they determine the metric of spacetime, but leave its topology unde-
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fined; indeed, there are infinite manifolds of different topology with the same 
metric. However, the possibility of a topology other than the trivial, simply-
connected one, has often been largely disregarded. Einstein himself adopted 
the hypersphere as a solution to his equations ([107, 108]) and soon after, de 
Sitter noticed that they could also admit another solution, the projective (or el-
liptical) space, which can be constructed by identifying antipodal points of a 3-
dimensional sphere [109]. Both the hypersphere and the projective space share 
the same metric, but have different topological properties (for instance, the vol-
ume of the projective space is half the volume of a hypersphere with the same 
curvature radius). Einstein acknowledged the existence of this solution ([110]), 
but preferred the simply-connected solution for aesthetic reasons. Priedmann 
was the next to emphasize the possibility of multi-connected topologies within 
the framework of general relativity and did not share Einstein's conviction 
that spacetime must be simply-connected [111]. He focused on spacetimes 
of negative curvature and even explained how topological spaces can be con-
structed by suitable identifications of points and predicted the existence of 
'ghost images' of objects in such spaces. Lemaitre also considered alternative 
topologies; in particular, he compared the spherical and projective spaces and 
stated his preference for the latter. There have been some subsequent stud-
ies on multi-connected topologies, but the issue of topology in cosmology had 
hitherto been set aside. All three types of spacetime described by the Pried-
mann equations are implicitly assumed to be simply-connected regardless of 
the intrinsic topological ambiguity of the general relativistic equations. 
That situation has begun to change, as the possibility of the Universe hav-
ing a multi-connected topology has received increasing interest in the past 
decade. This was made possible through the advent of high precision observa-
tions in cosmology, especially measurements of the CMB. Common methods of 
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checking for imprints of a non-trivial topology consist in searching for match-
ing circles (or distinct geometric patterns in general) in CMB maps or ghost 
images, mainly of quasars [112, 113, 114, 115, 116, 117, 118, 119, 120, 121, 122, 
123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134]. 
The latter method, know as the "crystallographic method" [127], makes 
use of the fact that in a finite, multi-connected universe a given object would 
generate several images of itself. The image nearest to the observer is the 
"real" object, while the others are termed "ghosts". Of course, this method 
would require looking for objects that are old enough for the light emitted 
from them to have had the chance to loop around the Universe at least once, 
and have a lifespan long enough for them to be observable now. In addition, the 
Universe should have spatial sections with volume smaller than the observable 
universe. This method is applicable to galaxies and quasars. The latter have 
relatively short lifetimes but are usually parts of systems which live longer. 
Cosmic crystallography has been used in [127, 128, 129, 130, 131, 132, 133, 
134] to constrain flat, hyperbolic and spherical spaces. This method suffers 
from several limitations arising from uncertainties regarding the redshifts and 
exact positions of objects used as well as radial distances, gravitational lensing 
effects, incompleteness of catalogues and partial sky coverage. The limits of 
cosmic crystallography are discussed in [130]. 
The circles-in-the-sky method is based on the assumption that if the last 
scattering surface is larger than the universe, it will overlap with itself This 
intersection will occur along a circle. Consequently, an observer would see a 
pair of circles along which temperature fluctuations would vary in an identical 
manner. This method has the advantage of being applicable irrespectively of 
the topology, as the only requirement for the existence of correlated pairs of 
circles is that the universe be smaller than the diameter of the last scattering 
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surface. In practice however, the circles may not be in exactly opposite direc-
tions, or be out of phase. Moreover, processes such as reionisation and lensing 
and the ISW effect may move fluctuations away from circles or damage the 
correlation. Other phenomena affecting the matching pairs of circles are the 
Doppler effect and the finite thickness of the surface of last scattering. In [112] 
it was argued that the circles would be deformed as a result of the motion of 
the Earth with respect to the CMB rest frame. Early works employing this 
method used statistics sensitive to flat topologies [119], but soon the machin-
ery was extended to include hyperbolic spaces as well [120]. The existence of 
distinct patterns in the CMB sky of a topological space was also shown in [114] 
and [115], which show simulated maps of flat and hyperbolic spaces and stress 
the need to formulate a statistic that would identify such structures, as well as 
[118] which focuses on flat spaces. However, the resolution of CMB maps avail-
able at that time was not high enough for any conclusions to be drawn. More 
recent studies on the circles-in-the-sky signature have also examined spheri-
cal topologies [116, 135] in the light of the WMAP data, which is marginally 
consistent with a closed universe. In [116] it has been argued that a potential 
discovery of matching circles could not distinguish among diff'erent types of 
spherical multiconnected manifolds. Furthermore, the noise and foregrounds 
effects on the first year WMAP maps do not allow any definite conclusions 
regarding spherical spaces as far as this method is concerned [135] (and [136] 
for the Poincare space in particular). Predictions of circles-in-the-sky for all 
possible flat spaces have been presented in [137]. A search for back-to-back 
or nearly back-to-back circles is described in [117] using the flrst year WMAP 
data and making the assumption that we live in a nearly flat universe. No 
distinct signature was found and non-trivial topologies have been ruled out up 
to ~ 24 Gpc. This limit was extended by 10% in a subsequent publication 
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using the 3-year data [138]. 
A more sensitive, but computationally intensive, method of searching for 
the imprints of non-trivial topologies would be to study the CMB anisotropics 
in full, i.e. construct the temperature anisotropy correlation function (or ma-
trix) . While the correlation function can provide information that could elude 
a circles-in-the-sky search, it can only identify specific topologies; therefore, 
one would have to compute it for each topology to be tested. The main chal-
lenge in such a task would be to calculate the eigenmodes of the Laplacian 
for a given space. A general prescription on how to construct the correla-
tion matrix of topological spaces with applications to some simple cases can 
be found in [139]. This can be easily done for flat spaces, because in that 
case the eigenmodes can be determined analytically [137]. Consequently, the 
topological signatures of such spaces, especially the cubic torus, in the correla-
tion function or matrix and the power spectrum have been studied extensively 
[139, 137, 113, 140, 141]. While failing to identify any particular topology, 
some authors have placed limits to the size of a potential flat manifold (e.g. 
[141]). Hyperbolic topologies are much harder to investigate, since there ex-
ists no analytic expression of their Laplacian eigenmodes. Nevertheless, they 
attracted much interest prior to the release of the WMAP data. Some stud-
ies were concerned primarily with the large-scale power spectrum [140], but 
others made use of the correlation function as well [142, 123, 124, 125, 126] 
to place constraints with the help of the COBE data and found that in gen-
eral manifolds with small volumes are not in agreement with the data, but for 
fio ~ 1 hyperbolic topologies were a better fit than flat, toroidal ones [126]. 
However, it has been argued that smaller scales than those probed by COBE 
would be needed for a potential detection of a hyperbolic topology [121]; in 
addition, several doubts regarding the detectability of nearly flat hyperbolic 
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topologies have been raised [143, 144, 122]. The release of the WMAP data in 
2003 renewed interest in spherical topologies, since they could induce the low 
power observed in the CMB power spectrum. The eigenmodes of the Lapla-
cian for spherical topologies cannot be expressed analytically in a form suitable 
for CMB anisotropies calculations; they have to be computed numerically by 
means of empirical methods [145]. The only exceptions are the lens and di-
hedral spaces. Constraints on the relative sizes of dimensions of lens spaces 
using the WMAP data were presented in [146]. The difficulty in calculating 
the Laplacian eigenmodes for other spherical manifolds led some authors to 
consider only the lowest multipoles of the CMB power spectrum [147, 148] to 
argue that the particular topologies could account for the observed low power. 
A more detailed study of the Poincare space in particular, claims that it could 
fit the WMAP data [136], but [138] strongly disagrees. Finally, we should 
mention that another formalism for computing CMB maps has been recently 
developed, which does not employ the eigenmodes of the Laplacian [149]; also, 
an alternative approach based on a wavelet decomposition of CMB fluctuations 
could place constraints on the size of specific topologies [150]. 
In the following we will focus our attention to the simplest spherical multi-
connected manifolds and explore their implications for the CMB. The low 
power in the CMB power spectrum could point to a compact universe. At-
tempts to attribute it to a flat universe have proved fruitless whether they 
search for specific patterns in the CMB sky or considering the temperature cor-
relation function and can at best place constraints on the sizes of potential flat 
topologies. However, the latest estimate of fio makes a spherical universe likely 
and studies involving the quadrupole seem encouraging. In addition, spheri-
cal manifolds have only one free parameter, the curvature radius, whereas flat 
models can have more (e.g. three sizes for a torus). These reasons, together 
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with the fact that spherical manifolds have not been thoroughly investigated, 
motivated us to consider them as an alternative to the standard, flat ACDM. 
We have seen that tests such as circles-in-the-sky cannot distinguish among 
spherical topologies, so we will calculate the temperature anisotropy correla-
tion matrix, which holds all the information we could possibly extract from 
the temperature alone. Bayesian model comparison based on the correlation 
matrix and marginalising over all possible orientations of each manifold will 
provide much more accurate results than a search for geometric patterns or a 
consideration of the power spectrum alone and help us decide whether there 
are grounds for abandoning the assumption of a simply-connected universe. 
5.2 Primary definitions 
Central to the topological properties of a space are the notions of the fun-
damental domain, the simple/multi connectedness and the universal covering 
space. We will now recall their definitions, in order to elucidate the meaning of 
the topological properties of the spaces we will review. Most of the definitions 
and examples below are drawn from [151]. 
First of all, let us introduce the concept of homotopy. According to [151], if 
/ and g are continuous maps of a space X onto a space Y, f and g are homo-
topic if there exists a continuous map F in the region I, F : X x I[xi,xf] — Y , 
such that: 
F{x,xi) = f{x) 
F{x,xf) = g{x) . (5.1) 
5. Non-trivial topologies 120 
f(x) 
Figure 5.1: Two paths / and g mapping an interval I onto a space X which have the 
same endpoints. The mapping F continuously deforms / into g leaving the endpoints 
fixed, so that / and g are path homotopic and F is a path homotopy between them. 
The map F is called an homotopy between / and g. It can be conceived as a 
continuous deformation of / to ^ as 2: goes from Xi to Xf. Supposing / and g 
are paths mapping I to X, they are called path homotopic if they both have 
the same initial and final points, xq and Xi, and there is a continuous map 
F : I X I X such that: 
F{u,Xi) = f{u) F{xi,v) = Xo 
F{u,Xf) = g{u) F{xf,v) = Xi (5.2) 
for each u E I and v E I. Then F is called a path homotopy between / and 
g. These conditions state that / can be continuously deformed into g with the 
endpoints of the paths remaining fixed during the transformation (Fig. 5.1). 
If F moves a point f{x) to a point g{x) along a straight line segment in X (a 
geodesic in manifolds), F is called a straight line homotopy. There is a product 
operation associated with path homotopy classes: if / is a path from xq to Xi 
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and ^ is a path from Xi to zg, then the product f *g is the path from XQ to X2 
whose first half is the path / and whose second half is the path g. 
Having outlined the notion of homotopy, we can now describe the basic 
properties of topological spaces. The following definitions are also from [151]. 
• Fundamental group Let % be a space and x a point in X. The set 
of path homotopy classes of loops based on x (paths that begin and end 
at x) with the product operation is the fundamental group of X relative 
to the base point x. It is also called the first homotopy group and is 
denoted by 7ri(X, rc). If X is path connected, all first homotopy groups 
based on different points in X are isomorphic. However, the isomorphism 
between two such groups generally depends on the path between the two 
base points; thus, different paths correspond to different isomorphisms. 
The only case when the isomorphism does not depend on the path is 
when the fundamental group is Abelian. 
• Simple/Multi Connectedness A space X is said to be simply-connected 
if it is path connected and if the first homotopy group based on some 
point Xo is the trivial group (hence every other first homotopy group 
based on any other point on X is the trivial group). The notion of sim-
ple connectedness can be intuitively grasped in a simple way: a space 
X is characterised as simply-connected if any closed curve on X can be 
continuously transformed into a point (Fig. 5.2). 
• Universal covering space Before defining the universal covering space, 
it is essential to introduce two other notions. Let p : E B he a 
continuous surjective map. If U is an open set of B and p~^(U) can be 
expressed as the union of disjoint open sets Vi in E such that for each i 
the restriction of p to is a homeomorphism of Vi onto U, then U is said 
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Figure 5.2: Left: A simply-connected space: Any loop based at XQ can be con-
tinuously deformed into a point. Right: A multi connected space: The loop / can 
be continuously deformed into a point, but this is not the case for g, as the hole 
introduces a discontinuity. 
to be evenly covered by p. Now, if every point of B has a neighbourhood 
U that is evenly covered by p, then p is called a covering map and E is a 
covering space of B. Futhermore, if E is simply-connected, it is said to be 
a universal covering space of B. Of course, if B itself is simply-connected, 
it is its own universal covering space. 
If is a manifold, the development of the largest simply-connected domain 
containing a given point onto the universal cover is called the fundamental 
polyhedron of that manifold. The faces of this polyhedron are identified by 
pairs in the following way: to a point y on a face Y corresponds a point y' on a 
face Y' such that both y and y' are mapped to the same point on the universal 
covering space. The group of transformations which carries out the appro-
priate identifications (fundamental group of the polyhedron) is isomorphic to 
the fundamental group of the multiconnected manifold. Thus, we only need 
to determine the fundamental group of the fundamental polyhedron, in order 
to study the topological properties of a given manifold. Finally, we note that 
the fundamental polyhedron together with its images generated by the afore-
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i-iSfia 
Figure 5.3: Construction of a torus by identification of opposite edges of a rectangle. 
Identifying two opposite edges yields a cylinder and identifying the open ends of the 
cylinder creates a torus. 
-
Figure 5.4: Mapping of to the torus. The fundamental domain of the torus is 
a square. The square and its images tesselate the universal covering space M .^ 
mentioned group of transformations constitute a tesselation of the univesal 
covering space. 
5.2.1 An example: the torus 
We will use a simple multiconnected manifold to illustrate the above defini-
tions, the torus. This example is drawn from [151]. The torus x is a 
subspace of and can be constructed from a rectangle (or a square) by iden-
tifying opposite edges (Fig. 5.3). Its fundamental domain is a rectangle. This 
can be checked, if we consider the product map p x p :RxR x § \ with 
p{x) = (cos (27ra:), sin (27ra;)). p{x) is a covering map which maps the real line 
E to a circle. The product map wraps a square/rectangle around the torus. 
The ring-shaped torus in the pictures is not x S^, but the two are topo-
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logically equivalent. It worth pointing out, though, that their geometries are 
different: indeed, the torus we have depicted does not have a constant curva-
ture, while X is flat. This is why the latter is difficult to visualize in 
It is fairly straightforward to check that the ring-shaped torus and x are 
equivalent [151]. Let Ci be a circle in the xz plane and Cg a circle in the xy 
plane, as the circles around the torus in Fig. 5.4. Ci and C2 have one common 
point, c. Now, let a be a point on Ci and b a point on Cg. We can define a 
map / from Ci x C2 to the ring torus by setting f{a,b) to be the point a is 
carried to when Ci is rotated around the z-axis until c coincides with b. This 
map is a homeomorphism of Ci x C2 with the ring-shaped torus, proving that 
the two tori are topologically equivalent. 
5.3 Spherical multiconnected manifolds 
The universal covering space of spherical multiconnected manifolds is the 3-
sphere S^. The line element in this space is 
ds"^ = —dt^ + a^{t){dy^ -\- sin^ + sin^ %sin^ 9d(j)'^) , (5.3) 
where a{t) is the scale factor and (%, 0) the usual spherical coordinates with 
0 < X < 7 r , O < 0 < 7 r and 0 < (^  < 27r. It is convenient to embed the 3-sphere 
in a 4-dimensional Euclidean space, whereupon we introduce a Cartesian sys-
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tern of coordinates with 
= C08% 
X = sin % sin 6 sin (j) 
= sin % sin 9 cos <p 
= sin X cos 6 , 
so that the 3-sphere is the surface with equation x'^x^ = 1, (/i = 0 • • • 3). 
According to [145], closed multi-connected manifolds are the quotient spaces 
M =S^/ r , where the holonomy group F is a finite subroup of 50(4) acting 
fixed-point-freely on S^. Therefore, in order to identify and classify the multi-
connected spherical manifolds, we need the aforementioned subgroups. 30(4) 
is isomorphic to 5^x<S^/±(l, 1), with the set of unit-length quaternions, 
so that what we actually need are the subgroups of S^. 
The elements of F can be expressed as 4 x 4 matrices acting on a point in 
the four-dimensional embedding space. According to the way they act, we get 
the following three types of multi-connected manifolds: 
• single action manifolds, where the elements of F act as right-handed 
Clifford translations (isometries which translate all points the same dis-
tance). They are expressed as <S^/F. 
• double action manifolds, where two subgroups of act simultaneously 
as right-handed and left-handed Clifford translations. They are expressed 
as <S^/F with F = Fi x Fg, Fi and Fg both being finite subgroups of S^. 
5. Non-trivial topologies 126 
• linked action manifolds, where two subgroups of act simultaneously 
as right-handed and left-handed Clifford translations, but every element 
of the first occurs only with some elements of the latter. 
Now we need the finite subgroups of in order to further specify the closed 
multi-connected manifolds. There is a two-to-one homomorphism between 
and SO(3), allowing us to deduce the subgroups of from those of SO(3). 
The latter are known to be the cyclic, tetrahedral, octahedral and icosahedral 
groups. Thus, the finite subgroups of S^ are [145]: 
• the cyclic groups 
• the binary dihedral groups D^, m> 2 
• the binary tetrahedral group T* 
• the binary octahedral group O* 
• the binary icosahedral group I* 
of orders n, 4m, 24, 48 and 120 respectively. The binary groups are two-
fold covers of the corresponding groups. This work focuses on single action 
manifolds with F = Dj, T*, O*,/*. Before we outline the properties of these 
manifolds, we will explore the notion of quaternions, which will be extremely 
useful in the following. 
5.3.1 Quaternions 
Quaternions are hypercomplex numbers that can be represented as a sum of a 
real and three imaginary parts: 
q = al+ bi +cj + dk , (5.5) 
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where a, b, c and d are real numbers, or more compactly as a scalar plus a 
vector: 5 = (a, v), v being the vector (6, c, d). Quaternions are associative but 
not commutative and form a group under multiplication. The imaginary parts 
of quaternions have the property: 
i^  = = ijk = —1 . (5.6) 
The satisfy the following commutation and anti-commutation relations: 
{i,j} = 0 [i,j] = 2k 
{j,k} = 0 [i,k] = 2i (5.7) 
{k, 1} = 0 [k, 1] = 2j . 
The conjugate of a quaternion q is given by 
q = al — bi — c} — dk (5.8) 
and its norm: 
|g| = + b'^  + + d"^  . (5.9) 
Left and right multiplication by quaternions follow directly from the equations 
above. The set of unit-length quaternions, i.e. those with + d^ — 1 
define the 3-sphere. 
A rotation about the vector n through an angle 6 is expressed by the 
quaternion 
g = (cos^ , - j^s in^) , (5.10) 
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or, if n = {x, y, z), more explicitly: 
6 sin f {xi + yi + zk) (5.11) 
and its negative. Thus, there is a one-to-two mapping from the S0(3) group 
of rotations to the group of unit quaternions. Finally, the left and right 
action of a quaternion q = al + bi + cj + dk can be expressed as 4x4 matrices 
in S0(4): 
d —b —c —d 
Rr{q) 
b a -d c 
c d a —b 
d —c b a 
a -b —c -d 
b a d —c 
c -d a b 
d c —b a 
(5.12) 
(5.13) 
Eqns. (5.10)-(5.13) provide all the necessary information regarding the compu-
tation of rotations in SO(4) and are used in the following sections to determine 
the elements of symmetry groups pertaining to the manifolds we will study. 
5.3.2 Quaternionic space 
The Quaternionic space, S^/D^, is the manifold where the elements of Dg 
act as right-handed Clifford translations. The group elements of the dihedral 
group D2 are: 
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• rotations of order m about an axis 
• rotations of order 2 about an axis perpendicular to the previous one 
and the isometries generators can be expressed as 
9i = 
92 = 
0 1 0 0 
- 1 0 0 0 
0 0 0 1 
0 0 - 1 0 
0 0 1 0 
0 0 0 - 1 
- 1 0 0 0 
0 1 0 0 
(5.14) 
The fundamental domain of S^/D^ is a 2m-8ided prism. 
5.3.3 Octahedral space 
The elements of the binary tetrahedral group generate the isometries of the 
Octahedral space. The elements of the tetrahedral group are the orientation-
preserving symmetries of the regular tetrahedron: 
• the identity 
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Figure 5.5: Fundamental domains of the spherical multi-connected manifolds of 
interest. From left to right a four-sided prism, the regular octahedron, the truncated 
cube and the regular dodecahedron. 
• rotations of order 2 about the midpoints of its edges 
• rotations of order 3 about its vertices and face centres 
Thus we have 12 rotations for the tetrahedral group and 24 for its binary 
counterpart. The corresponding 50(4) generators are 
9i 
92 
I - 1 








The fundamental domain of the Octahedral space is a regular octahedron, 24 
of which tile the 3-sphere. 
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5.3.4 Truncated cube space 
The octahedral group consists of the orientation-preserving symmetries of the 
regular octahedron: 
• the identity 
• rotations of order 2 about the midpoints of its edges 
• rotations of order 2 about its vertices 
• rotations of order 3 about the centres of its faces 
• rotations of order 4 about its vertices 
Thus, we have 24 rotations for the octahedral group and, consequently, 48 
rotations for the binary octahedral group. The generators for the latter, can 




fi'2 — ~7^ 
1 0 1 0 
0 1 0 1 
- 1 0 1 0 
0 - 1 0 1 
1 0 0 1 
0 1 - 1 0 
0 1 1 0 
- 1 0 0 1 
(5.16) 
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The fundamental domain consists of a Truncated cube, 48 of which tile the 
3-sphere. 
5.3.5 Poincare space 
The icosahedral group comprises the orientation-preserving symmetries of the 
regular icosahedron: 
• the identity 
• rotations of order 2 about the midpoints of its edges 
• rotations of order 3 about the centres of its faces 
• rotations of order 5 about its vertices 
This yields 60 elements, so that the binary icosahedral group is of order 120. 




































- o C2 
(5.17) 
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with ci = cos (tt/S) and cg = cos (27r/5). The fundamental domain is a regular 
dodecahedron, 120 of which tile the 3-sphere. 
Chapter 6 
Imprints of non-trivial topologies 
Topology affects the pattern of CMB anisotropics we observe on the sky and 
its imprints can be dectected on maps and statistical quantities we construct 
from the data (such as the correlation matrix for temperature anisotropies). In 
the following we shall describe the evolution of CMB temperature fluctuations 
in spherical spaces with non-trivial topologies and look for the signs of those 
topologies in simulated maps and the correlation matrix. 
6.1 The eigenfunctions of the Laplacian for 
The evolution of CMB temperature fluctuations depends on both the physics 
and the structure of spacetime. The latter dependence is expressed through the 
inclusion of the eigenmodes of the Laplacian in the corresponding equations, 
i.e. the integrals of the multipole moments of the Boltzmann hierarchy with 
respect to time. This is exactly where the topology of space makes a difference: 
the eigenfunctions of the Laplacian are particular to a given topology (not just 
geometry), so that temperature fluctuations in universes of different topologies 
134 
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will evolve differently, even if they follow the same physics laws. This is why we 
need to determine the eigenfunctions of the Laplacian in each of the topologies 
we are considering: these functions encapsulate the properties of the topology 
and show how the structure of space would affect the CMB signal we receive. 
The eigenmodes of the Laplacian are the functions which satisfy the Helmholtz 
equation 
, (6.1) 
where A = D'^ Di, Di being the covariant partial derivative for a particular 
metric. If we set v? — — K, with K = —1,0,1 for a hyperbolic, a flat and 
a spherical geometry respectively, we can rewrite the above equation as 
zitp == , (6.2) 
with (3 an integer. Letting /? = fc + 1, we finally get for a closed space: 
= -k{k + 2)#" . (6.3) 
Here s is an integer ranging from 1 to the total number of eigenfunctions that 
have the same eigenvalue A: (A;+2). In closed spaces the eigenmodes are discrete, 
so that k is an integer. Since A; = 0 corresponds to a change in the curvature 
radius and A: = 1 to a displacement of the centre of the 3-sphere [145], those 
two modes have no physical meaning, leaving us to consider only k>2 (or 
/?>3). The /?-modes can be related to the actual wavenumbers j5' through 
(5 = f3'r, r being the curvature radius, so we will use the term 'wavenumber' to 
refer to both. The scalar Helmholtz equation for in spherical coordinates is 
separable and its solutions can be expressed as a product of a hyperspherical 
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Bessel function and a spherical harmonic. Hyperspherical Bessel functions are 
of the form [152] 
where 
Mm = n ( g " - C) • (6.5) 
n=0 
The are associated Legendre functions. The angular part of the eigenfunc-
tions, i.e. the spherical harmonics, is 
yr(0 ,0 ) = , (6.6) 
where are the Legendre polynomials (a special case of the associated Legen-
dre functions with ji, v integers). Figures 6.1 and 6.2 show how these functions 
behave for various values of (5, i and m. It should be noted that as (3 increases, 
the radial functions become more oscillatory. The same is true of the spherical 
harmonics as i and m grow. This poses serious computational difficulties in 
the aforementioned regimes, especially for points (%, 9, (f>) near the boundaries. 
However, there are some ways to circumvent these problems, as we will soon 
discover. 
6.2 The Laplacian eigenmodes for S^/P 
In the case of a simply-connected space, Eq. (6.3) is all we need to deter-
mine the eigenfunctions ^ and the number of eigenfunctions sharing the same 
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Figure 6.1: The radial part of the eigenfuctions of for (3 = 5,10,20,40 and 
^ = 0 (from top to bottom and left to right). They become highly oscillatory as /3 
increases. 
eigenvalue (the multiplicity) is equal to [k -f 1)^. However, this is not true 
for multi-connected spaces; the non-trivial topology imposes additional con-
straints that the eigenfunctions should satisfy, along with Eq. (6.3). Therefore, 
we expect the eigenfunctions in the quotient spaces S^/F to be a subset of those 
of with multiplicities never exceeding {k + 1)'^. Table 6.1 lists the wavenum-
bers and their multiplicities for the multi-connected manifolds of interest and 
Figures 6.3-6.4 depict the multiplicities of the lowest wavenumbers. 
Unlike flat multi-connected spaces, the eigenmodes of the Laplacian for 
spherical or hyperbolic manifolds cannot be computed analytically. Only re-
cently has it been made possible to cast them in polynomial form ([153], an 
approach based on Klein's work on the icosahedron [154]). However, expressing 
them on a basis of spherical harmonics, so that they can be used for CMB cal-
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3 0 
3 0 3 0 
Figure 6.2: The spherical harmonics for £ = 4,10,20 (from top to bottom) and 
m = 0,£. The higher i and m are, the more they oscillate. 
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MANIFOLD eigenvalue multiplicity 
P even P( s. 2 + 1) 
P > 2 odd P i 2 
23/r* ;8( l + 2 I 3 + f l -P) 
5,7,11 






P (l + 'i 5 + A' 3 + 
'i 
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Table 6.1: Numbers corresponding to eigenvalues and their respective multiplicities 
for the binary dihedral, tetrahedral, octahedral and icosahedral spaces. We have set 
P — [(/5 — l)/2] with P an integer. The eigenvalues are — 1 and they are always 
even {j3 is odd). Brackets denote the integer part of the enclosed number. Adapted 
from [145]. 
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Figure 6.3: The first few wavenumbers and their multiplicities for the PoincarA 
space. 
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Figure 6.5: The first few wavenumbers and their multiplicities for the Octahedral 
space. 





F i g u r e 6.6: The first few wavenumbers and their multipHcities for the Quaternionic 
space. 
culations, still requires invoking numerical methods. Any such method should 
take into account the boundary conditions imposed by the symmetry group 
particular to a given manifold. There exist several approaches, such as the 
ghost method, the averaging method and the projection method [145]. The 
first two are somewhat similar, in that they compute a basis for expressing the 
eigenmodes of X/T as linear combinations of eigenmodes of X, while the lat-
ter computes an eigenmode of X and projects it down to X/T. We employed 
a variant of the ghost method to calculate the eigenmodes of the spherical 
manifolds of interest. 
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6.2.1 The ghost method - basic concepts 
The ghost method was first used to obtain the eigenmodes of hyperbolic mani-
folds [155] and is also presented in [145]. Its central concepts are the following: 
• Any square integrable function ^ in X/V, X being the universal covering 
space and T the symmetry group of the topological space, is invariant 
under the action of the group generators, that is 
(6.7) 
for all g GT. 
• Any square integrable function in X/T that is invariant under the action 
of the group generators can be lifted to a square integrable function in 
X that is also invariant under the aforementioned action and vice versa. 
This allows us to express the Laplacian eigenmodes of X/T in terms of the 
Laplacian eigenmodes of X: 
13-1 e 
~ ^^rnypemi^) > (6-8) 
£=0 m=—£ 
where ypem = 4') are the eigenfuctions of the Laplacian in the 
universal covering space X. Here, X is the 3-sphere and TZpt are the hyper-
spherical Bessel functions. The expansion coefficients encapsulate the 
topological properties of the given multi-connected manifold. Let us now gen-
erate n random points x in the fundamental domain. Since any eigenmode has 
to be F-invariant, we have |r|n equations of the form: 
= 0 . (6.9) 
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where i — l...n and j — By means of the decomposition in Eq. (6.8), 
we obtain the matrix equation 
Cpip = 0 , (6.10) 
where the matrix Cp is: 
• • • y^eei^i) — ypitidi^i) 
3^ /300(2^ 1) — %oo(p23:i) ypi-iixi) — ypi-i{g2^i) • • • y^uis"^!) — ypu{g2X\) 
yp00{^n) ~ ypOQ{9\T\^n)ypi-l{Xn) — 3^ /31-1 (^Ir^n)' ' '^//(^^n) — ypu{g\T\^n) 
(6.11) 
and is given by: 
6/3 6/300 6/31-1 • • • (6.12) 
It should be evident that has (/?)^ = (£ + 1)^ columns and n|r| rows. 
Eq. (6.10) suggests that the coefficients correspond to the nullspace of 
Cp. The latter can be computed by means of the singular value decomposition 
of Cp. 
6.2.2 The ghost method - implementation 
The basic ingredients needed to implement the ghost method are the genera-
tors of the group V associated with a given manifold. These are given in the 
6. Imprints of non-trivial topologies 144 
previous chapter as 4 x 4 matrices. Then, we could proceed as follows: let us 
keep P constant. We generate a random point x in Cartesian coordinates and 
normalise it, so that it lies on the unit sphere. Next, we calculate its images 
Qix, g2X under the action of both generators of the symmetry group. Then we 
transform the original point and its images in spherical coordinates and write 
down the constraints of Eq. (6.9), thus filling the first two rows of the matrix 
Cp. We repeat the same procedure n times, until we have filled all the 2n rows 
of Cp (note that |r| = 2). We should point out that the number of random 
points n is arbitrarily chosen. Evidently, it has to be large enough so that the 
number of rows of Cp exceeds the number of its columns in order for the SVD 
to work, but choosing an unnecessarily high n could result in long computa-
tional time or even render the SVD unstable. We set n = (3"^, so our matrix 
has twice as many rows as columns. Finally, we compute the SVD of Cp and 
take the columns (or the conjugate of the rows depending on the algorithm we 
use) of the matrix containing the right singular vectors of Cp that correspond 
to the zeros of the diagonal of the matrix containing the singular values of Cp. 
These are the p^em we need. This process is schematically shown below: 
Cxi ••• Ci In Uii Wii vn Vln 
CjTjl • • • Crr 
2/32x^ 2 
'^ ml llr. Wr, 
2/32 x/32 /32X/32 
vnl • •• Vnn 
/32X/32 
(6.13) 
6. Imprints of non-trivial topologies 145 




where s is the multiplicity of the eigenvalue corresponding to (3. The diagonal 
elements of w are real and ordered in decreasing order. W(^ n-s){n-s) is the last 
non-zero singular value of Cp] the rest of them are zero, and the magnitude 
of W(s-n+i){s-n+i) is a measure of the accuracy with which C/? and its SVD 
are calculated (the closer to zero it is, the better our algorithm performs). 
The columns of v that correspond to the zero diagonal elements of w (i.e. 
the elements W(„_s+i)(n-s+i).. -Wnn) are a basis for the nullspace of Cp. We 
implemented the algorithm both in Fortran 77 and Mathematica. The latter 
proved to be significantly slower, but gave more accurate results; in order to 
obtain results of comparable accuracy with a Fortran code, one would have to 
make use of arbitrary precision arithmetic libraries. We used the publicly avail-
able MPFUN77 package to increase the accuracy of our Fortran program, but 
although we obtained satisfactory results, the computational time increased 
considerably. We therefore preferred calculating the with Mathematica. 
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Determina t ion of the eigenmodes of the Laplacian 
A very important issue that arises in the process of calculating the elements 
of Cp is the accuracy of the eigenmodes of S^: as the wavenumber j3 grows, so 
does the error in the numerical determination of the eigenmodes, especially for 
high i and m and for points lying close to the boundary. Using the Mathemat-
ica intrinsic functions for the Legendre polynomials and associated functions 
only allows us to compute the up to the mid twenties. The main rea-
son for this is that the radial function and the spherical harmonic function 
differ vastly in magnitude, so that their product, which is the eigenmode of 
S^, will generally have significant errors. Working with logarithms does not 
result in any significant improvement either. One solution would be to use se-
ries expansions of the eigenmodes themselves together with arbitrary precision 





This gives us 
" & 5 ' . ( - a ) 
Using Eq. (6.16) instead of the intrinsic functions for associated Legendre func-
tions gives satisfactory results, but dramatically increases the computational 
time (roughly two days per wavenumber near (3 = 31). 
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However, it has recently been noted that the eigenmodes of can be 
expressed in terms of Wigner rotation functions in toroidal coordinates [156]. 
In this system a point is characterised by three coordinates, OT-, 4>T with 
0<%T'<7r/2, 0 < < 27r and 0 < < 27r. They can be related to the usual 
spherical coordinates %, 6, cf) via the equations: 
sin % sin 9 
XT = arctan 
y^cos2^^+~(siiixcos^P 
6t = arctan (tan X cos 0) (6.17) 
(j)T = (j). 
In this coordinate system, the eigenmodes of can be expressed on a basis 
of toroidal functions, 
, (6.18) 
with 
2'k'^]I {d + i)\{d + m)\ 
X (cos %re'^)'(8in [cos (2%^)] ^6.19) 
where £ = mi + 777,2, m = TO2 — mi and d = (/? — l) /2 — m2. This expression 
for the eigenmodes of is much more convenient, since it involves Jacobi 
polynomials of degree (/? — l) /2 — m2, whereas the previous expressions used 
Legendre polynomials of degree (3 — 1/2. The toroidal functions can be related 
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to the ypem with the help of Clebsch-Gordan coefficients through 
7>mim2(xT) = ( - i r ' X ) X I - m l , , 
£=0 m=—£ ' ' 
(6.20) 
where as usual k = P — 1. The subscripts T and S refer to toroidal and 
spherical coordinates respectively. In general, the Clebsch-Gordan coefficients 
( , j2, MT'2; js, Can Only be non-zero when toi + m2 = ms, so that 
Eq. (6.20) yields 
/ T 7 \ 
- m l , - , m2;£, ma - mi J y,g<(ma-mi)(xg) • 
(6.21) 
Conversely, we have 
k/2 k/2 
E E 
mi=—fc/2 m2=^ —k/2 
/ Ic Ic \ 






/ k k \ 
y p e m M = / - , - m i , - , mi -t- m; m \ T^mi(mi+m)(xt) • 
(6.23) 
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F i g u r e 6.7: Toroidal functions (x, for /5 = 5,11,21,41 (from right to 
left and top to bottom) with mi = m2 = 0 and 9 = (f) = 0. 
The toroidal functions themselves are related to the well-known Wigner rota-
tion functions, as can be seen from Eq. (6.19): 
Tpmim2 (XT, OT, 4'T) = Y + ^T, 2%r, Or - 4>T) • (6.24) 
Figures 6.7 and 6.8 show some toroidal functions as functions of % for various 
wavenumbers. The last two equations permit us to calculate the eigenmodes 
required by the ghost method with much better accuracy. In terms of effi-
ciency, the calculation is not slowed down provided that the Clebsch-Gordan 
coefficients are computed and stored in advance. 




















0 0.25 0.5 0.75 1 1.25 1.5 
0 0.25 0.5 0.75 1 1.25 1.5 
0 0.25 0.5 0.75 1 1.25 1.5 0.25 0.5 0.75 1.25 1.5 
0.25 0.5 0.75 1.25 1.5 0 0.25 0.5 0.75 1 1.25 1.5 
F i g u r e 6.8: Toroidal functions (%; 4>) for ^ = 5 and 9 = (j) = {). Displayed 
in the top row are 75^0,0 (left), (middle), T^^ 2,2 (right) and in the bottom row 
25,1,0 (left), 75,1,2 (middle), 25,2,0 (right). 
6.3 Correlation matrices and maps 
We have already argued that the topology does not affect the physics at last 
scattering or the evolution of anisotropics per se. Its effect is much more 
subtle: the finiteness, the orientability and the particular symmetries of the 
fundamental domain can supress some modes and produce correlations among 
others. These effects are manifest in the observables we use to study CMB 
anisotropics, so we wish to identify to what extent a particular feature in those 
observables can be attributed to a non-trivial topology. Given a scenario of 
initial pertubation generation and subsequent evolution and a theory describ-
ing the interactions among the constituents of the primordial photon-baryon 
plasma, we aim to construct CMB observables in a universe of non-trivial 
topology. Let us recall the equations describing the evolution of temperature 
fluctuations in a simply connected universe. For large and intermediate scales 
respectively we have: 
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, . % QeiVo) 
2£ + ^ = [e„ + #|(»)x.,(xo -*•) + /(»' - ^')XM - x)dn (6.25) 
&e{Vo) 
2i+l = [eo + mv*)'^(.V*,k)X^eiXo-X*) 
+8i(77*)%)()7*, k)-—X^e{xo — %*) (6.26) 
VO 
+ /($'- ^')x,t(x - x)in 
V* 
where is the radial part of the eigenfunctions of the Laplacian and u = /3 
for closed spaces. The second equation is also valid for small scales if we add 
the contributions from the second order effects we described in section 2.4. 
Then, in the case of a closed universe, the power spectrum is obtained by-
summing the square of multiplied by the primordial power spectrum of 
perturbations over all /5-modes, that is 
C ' « E • (G27) 
The primordial power spectrum is usually of the form 
as proposed in [157, 158]. A power spectrum of this form has equal power in 
the curvature perturbation per logarithmic interval of /? and is a generalisation 
of the scale-invariant spectrum of the flat space for closed spaces. A CMB sky 
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map simulation in a simply-connected closed space would have the simple form: 
a ,„ = ^ . (6.29) 
where the e are random Gaussian variables with unit variance. The above 
equation suggests that the correlation of is rotationally invariant; only 
the diagonal part of the correlation matrix, Q , is non-zero and it suffices to 
characterise the CMB anisotropics on a scale I. 
What happens with multi-connected spaces? The eigenmodes of the Lapla-
cian in expressions 6.25, 6.26 must be substituted with the corresponding eigen-
modes for the particular space in question. That is, we have to replace the 
yptm with the we computed in section 6.2, wherever the former appear in 
our calculations. In particular, the temperature anisotropy at a given direction 
in the sky will now be 
f (9.^) , 
3=3 ^ =0 m=—" 
(6.30) 
where V is the volume of the fundamental domain of the manifold in question. 
This is equal to 
Given that the volume of the 3-sphere,y(S^) is equal to 2% ,^ we easily see that 
the normalisation factor is equal to the order of the group. The fact that we 
were able to expand the on a basis of the eigenfunctions of gives the 
expressions for the a^ m and their correlation a particularly simple form; the 
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HO (km/sec/Mpc) I^curv (Mpc) X L S S 
1.06304 52 22966 0.648808 
1.05285 54 24142 0.612362 
1.04398 5 6 25520 0.574100 
1.03800 5 8 27198 0.539196 
1.02918 60 2 9 2 5 7 0.494191 
1.02286 6 2 31977 0.448899 
1.01729 64 3 5 6 2 8 0.400085 
1.02257 66 41024 0.345072 
1.00772 6 8 50175 0.280231 
Table 6.2: Parameters for closed universes that have the same power spectrum as 
the WMAP best fit at small scales. 
orthogonality of the ypim implies that: 
(2i,Y fk |e,(,„./3)| 
( 6 . 3 2 ) 
y 
Eqns. (6.32), (6.33) are all we need to study CMB anisotropics in multi-
connected spaces. In the following, we will use them to calculate correlation 
matrices and simulate CMB maps for closed multi-connected universes whose 
cosmological parameters are determined by the geometrical degeneracy. That 
is, they have the same cosmological parameters as the simply-connected closed 
models we studied previously. The following table shows how some important 
distances vary with curvature for these models. 
6.4 Calculation of the correlation matrix 
In order to calculate correlation matrices we need the following ingredients: 
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• the temperature anisotropy transfer functions 
• the power spectrum of primordial perturbations 
• the coefficients 
We showed how to calculate the latter in the previous section. The primordial 
power spectrum is set to the equivalent of a scale-invariant power spectrum 
in closed spaces (Eq. (6.28)) and the transfer functions can be obtained from 
one of the publicly available codes for CMB anisotropics, such as CMBFAST 
[159] and CAMB [160]. We performed our calculations using both codes, to 
ensure our results are correct. Once we have the necessary quantities, we use 
Eq. (6.33) to calculate the correlation matrix. 
We should point out that Eq. (6.29) implies that the k^em must satisfy the 
symmetry condition 
= ( - l ) " * : , . ) ' . (6.34) 
Since the themselves satisfy the same condition, that ensures the map is 
real. The produced by our code do not possess this desirable property 
(and there is no reason why they should, since the algorithm we use only 
enforces the boundary conditions imposed by the topology), so it has to be 
introduced by hand. A simple way to achieve this is to construct the following 
linear combinations of ^Mm-
^kim ~ ^Mm + i^kt-wT 
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where we take m > 0. Then we render the orthonormal and use them to 
construct correlation matrices and maps. 
6.5 Properties of the correlation matrix 
We calculate correlation matrices for a range of closed models that have the 
same power spectrum as the WMAP best fit at large scales. Their cosmolog-
ical parameters are determined by the geometrical degeneracy conditions we 
already outlined in a previous chapter. The requirements imposed those condi-
tions leave only the Hubble parameter (or equivalently the spatial curvature) as 
a free parameter, as was the case with the closed models we saw in section 4.2. 
However, now we also have to take into account the multi-connected topology, 
which means that the correlation matrix is no longer rotationally invariant; 
as is evident from Eq. (6.33), the presence of the ^kim introduces off-diagonal 
terms. But to what extent do these terms produce visible departures from 
isotropy? This should of course depend on their magnitude relative to the 
magnitude of diagonal terms. In order to visualise the effects introduced by 
the off-diagonal terms, we plot some of the rows of the correlation matrix. We 
make the plots in pixel space, since it would easier to identify any potential 
correlations among elements of the matrix. The correlation matrix in pixel 
space can be derived from its counterpart in harmonic space by means of the 
equation 
Cpp-=E E , (6.35) 
t,m e',m' 
where p,p' are pixel numbers and the Yem are the usual spherical harmonics. 
In this configuration, each row (or column) of Cpp' shows the correlation of 
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pixel p (or p') with the rest of the pixels. The dimensions of Cpp' as well as 
the coordinates of each pixel depend on the pixelisation scheme we follow. We 
adopted the ring scheme used by Healpix and set Ngide = 32, corresponding 
to a total of 12288 pixels, so the dimensions of Cpp/ are 12288x12288. We 
do this conversion for correlation matrices corresponding to a relatively high 
curvature (Ho = 52 km/sec/Mpc) and a low one (HQ = 64 km/sec/Mpc) to 
see how the anisotropy is affected by the size of the Universe. It should be 
noted that these plots are not actual maps of CMB temperature anisotropics, 
rather a visualisation of rows of correlation matrices which help us understand 
how the anisotropics are correlated among themselves. 
First of all, we construct the pixel space correlation matrix for a simply-
connected space, in order to compare it with those of multi-connected ones. 
This model has the same cosmological parameters as the multi-connected ones, 
the only difference being in their topology. The curvature does not play any 
role in this case, as in both cases the plots look the same for a given pixel. 
Furthermore, we do not see any structure other than the expected concentric 
rings. 
Let us now turn to the plots for the topological spaces. The plots for the 
Quaternionic space are quite similar to those for the simply-connected one. In 
the case of a higher curvature {HQ = 52 km/sec/Mpc) we observe a slightly 
different pattern in the antipodal point, which disappears when the space 
becomes almost flat. The departure from the pattern of the simply-connected 
space is more visible in the Octahedral space, where we observe correlations 
among different pixels when the space is more curved. Again, these correlations 
are absent from an almost flat Octahedral space. However, the Truncated cube 
space is small enough to exhibit structures even with a low curvature. Finally, 
the Poincare space shows a very complex pattern at HQ = 52 km/sec/Mpc, 
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which becomes simpler, but still prominent, at HQ = 64 km/sec/Mpc. 
All in all, we conclude that the extent of the correlations among pixels, 
that is, the number of pixels that appear to be correlated and how strong this 
correlation is, depends on the curvature of space and the topology (for multi-
connected spaces). The more complex the topology and the more curved the 
space, the stronger the correlation. As we progress from simpler spaces with 
large fundamental domains to more complex and smaller ones, the correlations 
involve more pixels and become more prominent. But are such structures in 
the correlation matrices justified by the data? We will give an answer in the 
following chapter, by means of Bayesian model comparison that takes into 
account the full correlation matrix for low multipoles. Meanwhile, we will 
further explore the implications of non-trivial topologies for the CMB. 
6.6 Properties of the CMB power spectrum 
We have seen that the correlation matrix has off-diagonal terms, giving rise to 
correlations that are not present in the case of a simply-connected space. But 
what imprints would a non-trivial topology leave on the CMB power spectrum? 
We know that there are two mechanisms shaping the power spectrum at large 
scales: the ISW effect and the finiteness of a multi-connected universe together 
with a decreased contribution to the total power at any given i due to the fact 
that some wavenumbers do not correspond to eigenvalues of the Laplacian. 
These two factors act in an antagonistic way: on the one hand, the ISW effect 
tends to rise the plateau at the largest scales; on the other hand, the finite 
size coupled with the absence of certain wavenumbers tends to suppress the 
power at these scales. The net result ultimately depends on the size of the 
fundamental with respect to the curvature radius and the number of missing 
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Figure 6.9: Plots of rows of the correlation matrix of a simply-connected space 
with high and low curvature (top and bottom respectively). Beneath each plot is the 
corresponding row number. 
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Quaternionic space 
Ho = 52 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Ho = 64 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Figure 6.10: Plots of rows of the correlation matrix of a Qnaternionic space with 
high and low curvature (top and bottom respectively). Beneath each plot is the 
corresponding row number. 
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Octahedral space 
Ho = 52 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Ho = 64 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Figure 6.11: Plots of rows of the correlation matrix of an Octahedral space with 
high and low curvature (top and bottom respectively). Beneath each plot is the 
corresponding row number. 
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Truncated cube space 
Ho = 52 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Ho = 64 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Figure 6.12: Plots of rows of the correlation matrix of a Truncated cube space 
with high and low curvature (top and bottom respectively). Beneath each plot is the 
corresponding row number. 
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Poincare space 
Ho = 52 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Ho = 64 km/sec/Mpc 
500 1000 1500 2000 2500 3000 
3500 4000 4500 5000 5500 6000 
6500 7000 7500 8000 8500 9000 
9500 10000 10500 11000 11500 12000 
Figure 6.13: Plots of rows of the correlation matrix of a Poincare space with 
high and low curvature (top and bottom respectively). Beneath each plot is the 
corresponding row number. 
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wavenumbers: if the Universe is sufficiently small and has lost the contribution 
by many wavenumbers to the total power, the ISW effect gets suppressed and 
we observe a definite lack of power at low We will now show the extent of 
this effect in the topologies we are considering. 
Although the correlation matrix is not diagonal in the case of multi-connected 
spaces, we can define a (rotationally invariant) power spectrum as follows: 
C' = ^ E (6.36) 
m=—i 
which is simply the mean of the diagonal part of the correlation matrix cor-
responding to a given The following figures depict power spectra computed 
for various values of the Hubble parameter for each of the topologies we are 
considering. 
The power spectra of multi-connected spaces exhibit two interesting fea-
tures: a power deficit and lack of smoothness at large scales. 
On the one hand, the power deficit depends on the size of the fundamental 
domain; modes larger than the fundamental domain cannot exist and if the 
fundamental domain is small enough, there will be a suppression of power 
at the appropriate scales, while if it is sufficiently large, there will not be any 
truncation of low /3s and large scales will be dominated by the ISW effect. The 
size of the fundamental domain is determined by the order of the symmetry 
group pertaining to a given topology. The order of the symmetry group is 
equal to the number of polyhedra needed to tile the 3-sphere, so groups of a 
higher order will be associated with smaller fundamental domains. Therefore, 
the extent of power deficit at large scales for a given curvature radius should 
be maximised in the case of the Poincare space, while the Quaternionic space 
should exhibit the smallest amount of suppression (if any). The Quaternionic 
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Figure 6.14: Power spectra for the Quaternionic space for various values of HQ. 
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Figure 6.15: Power spectra for the Octahedral space for various values of HQ. 
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Figure 6.16: Power spectra for the Truncated cube space for various values of HQ. 
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Figure 6.17: Power spectra for the Poincare space for various values of HQ. 
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space is a perfect example of the latter case. It has the largest fundamental 
domain of all the manifolds in question (8 dihedra tile the 3-sphere) and for the 
realistic values of the Hubble parameter we are considering the fundamental 
domain is too large to induce any deficit of power. Consequently, the power 
spectrum of the Quaternionic space almost overlaps with that of the simply-
connected space of the same curvature. The situation changes as we move to 
spaces with progressively smaller fundamental domains. The manifold with the 
next larger fundamental domain is the Octahedral space, with 24 octahedra 
tiling the 3-sphere. Here the finiteness effects are prominent at lower values of 
HQ (higher curvature). As the space becomes more and more fiat, the power at 
low I increases and we recover the trivial power spectrum already at HQ = 64 
km/sec/Mpc. The Truncated cube space has an even smaller fundamental 
domain (48 Truncated cubes are needed to fully cover the 3-sphere), so that 
the suppression of power is more pronounced and persists at even higher values 
of HQ. Finally, the Poincare space has the smallest fundamental domain (the 
3-sphere is tiled by 120 regular dodecahedra) and exhibits the most prominent 
lack of power at large scales. Indeed, the suppression is visible even when the 
space is almost fiat. 
On the other hand, this lack of power can also be partly attributed to the 
number of missing eigenmodes. As we recall, in simply-connected spaces all 
P > 2 correspond to eigenmodes of the Laplacian, but this is not the case 
for multi-connected ones. In the so-called "well-proportioned" universes most 
of the missing eigenmodes lie in the low-/) region, the region which mostly 
contributes to the power of large scales. Evidently, this can further reduce the 
power of low multipoles. Below we show the contribution to the power at a 
given ^ from various values of (3 to illustrate how the missing eigenmodes can 
cause a suppression of power. 
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Figure 6.18: Contribution to the total power at a given I from various wavenumbers 
in the case of a Quaternionic space with iIo=52 km/sec/Mpc. 
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Figure 6.19: Contribution to the total power at a given £ from various wavenumbers 
in the case of a Quaternionic space with Ho=64 km/sec/Mpc. 
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Regarding the Quaternionic space, we observe that the region of wavenum-
bers giving the maximum contribution to the total power at a given i depends 
on the curvature of space. This remark also applies to the other topologies as 
well. In this particular case, the maximum contribution when the space has 
the highest curvature comes from wavenumbers centered around A: ~ 1.5 — 2£. 
However, the is of the almost flat space draw most of their contribution from 
the fc-region around 3i. Also, the contribution falls off less rapidly as we move 
away from the k exhibiting the highest power when the space is only very 
slightly curved, resulting in a higher total power at a given i. It is also worth 
noting, that by the time we reach A: = 40 the contribution to the total power 
has fallen sufficiently to be considered almost negligible, meaning that the fact 
that we did not use A: > 40 in our calculations of the correlation matrices (and, 
consequently, the power spectrum) did not result in an underestimation of the 
Q s . 
In the case of the Octahedral space, the contribution of various wavenum-
bers to the power at a given scale follows a pattern similar to that of the 
Quaternionic space. Again, when the curvature is high, wavenumbers around 
2£ show the highest contribution, with the amount of power of each wavenum-
ber dwindling away rapidly as we move away from that value. But when the 
space becomes less curved, it is wavenumbers around 3i that exhibit the largest 
amount of power. Once again, the total amount of power spreads out more 
evenly when the Hubble constant is higher. 
The Truncated cube space exhibits the same behaviour as the previous 
ones. However, it is worth noting that in several scales, wavenumbers that 
would otherwise have a significant contribution to the total power are missing, 
or that the highest power is lower than that of spaces with larger fundamental 
domains. This is especially the case with lower i, while smaller scales show 
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Figure 6.20: Contribution to the total power at a given i from various wavenumbers 
in the case of an Octahedral space with HQ~b2 km/sec/Mpc. 
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Figure 6.21: Contribution to the total power at a given I from various wavenumbers 
in the case of an Octahedral space with iJo=64 km/sec/Mpc. 
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Figure 6.22: Contribution to the total power at a given (. from various wavenumbers 
in the case of a Truncated cube space with Ho=52 km/sec/Mpc. 
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Figure 6.23: Contribution to the total power at a given I from various wavenumbers 
in the case of a Truncated cube space with ffo=64 km/sec/Mpc. 
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distribution of power similar to that of the other two spaces with comparable 
amounts of power at each k. 
The Poincare space also has the highest amount of power at A: ~ 2£ when 
Ho=b2 km/sec/Mpc and A: ~ 3£ when Ho=Q4: km/sec/Mpc (or the k closer 
to these values, if they are missing). In the case of a higher curvature, sev-
eral scales have the bulk of their power concentrated in a single wavenumber, 
but the distribution of power becomes more even as the space becomes less 
curved. Still, wavenumbers that would otherwise contribute to the total power 
are missing and the power maxima are lower than those of the other spaces, 
especially at low £. 
Finally, we also present the contribution from wavenumbers k < 40 for 
the simply-connected space. We see that when HQ = 52 km/sec/Mpc the 
major contribution comes from k ~ 2i, while at Ho = 64 km/sec/Mpc, it is 
k that contributes the most, which is what happens with the non-trivial 
topologies as well. Also, a higher curvature exhibits higher maxima and a 
lower curvature lower maxima, but with the power more evenly distributed. 
There is a second maximum appearing at A: ~ 2£ + 6 in the first case and 
A: 3^ 4- 12 in the latter, but its contribution is small. This structure can 
sometimes be observed in the non-trivial topologies as well, mostly when the 
curvature is small, although these relations do not hold exactly due to the 
missing wavenumbers and because the presence of the tends to shift the 
power among adjacent 
It is evident that the finite size of a multi-connected universe together 
with the missing wavenumbers are responsible for a deficit of power at large 
scales and a lack of smoothness in the power spectrum. One would expect 
these effects would disappear at smaller scales, where the topology becomes 
irrelevant. In order to test this assumption, we examine the behaviour of the 




• I I I . 
12 20 24 30 92 3* 40 20 24 30 32 3« 
g we 
12 20 24 30 32 38 40 12 20 24 30 32 30 
.1,1.1. • Jl 
12 20 24 30 32 36 40 
Figure 6.24: Contribution to the total power at a given £ from various wavenumbers 
in the case of a Poincare space with HQ=52 km/sec/Mpc. 
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Figure 6.25: Contribution to the total power at a given £ from various wavenumbers 
in the case of a Poincare space with 7fo=64 km/sec/Mpc. 
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Figure 6.26: Contribution to the total power at a given £ from various wavenumbers 
in the case of a closed simply-connected space with Ho=52 km/sec/Mpc. 
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Figure 6.27: Contribution to the total power at a given i from various wavenumbers 
in the case of a closed simply-connected space with HQ=64 km/sec/Mpc. 
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in analogy with [145], where a similar index is used for the same purpose 
but for lens spaces. Of course, this quotient refers to models with the same 
cosmological parameters and primordial power spectrum, differing only with 
regards to their topology. Below are plots of Qc as a function of £ for the range 
of scales we are interested in. We observe that in most cases Qc converges to 
unity as £ reaches 9-10 or even earlier (very small fluctuations are probably of 
numerical origin). 
Ho s 52 km/sec/Mpc Ho = 56 km/sec/Mpc 
H* • 60 KnVsac/Mpc Ho • 64 km/sec/Mpc 
J 1 
Figure 6.28: Qc for various values of the Hubble parameter for the Quaternionic 
space. 
We see that the exact scale where Qc approaches unity depends on the kind 
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Ho = 52 knVsec/Mpc Ho s 56 km/sec/Mpc 
Ho 8 60 km/sec/Mpc Ho B 64 km/sec/Mpc 
Figure 6.29: Qc for various values of the Hubble parameter for the Octahedral 
space. 
of topology in question and the spatial curvature. Qc essentially determines 
the scale where the topology becomes irrelevant so tha t one cannot distinguish 
between a trivial and a non-trivial topology for a given curvature by means 
of the power spectrum. For a given topology, Qc approaches 1 faster as the 
curvature decreases. As the curvature radius grows, so does the size of the 
multi-connected universe and the less affected large scales are. We see tha t 
when i^o=64 km/sec /Mpc Qc has converged to unity long before ^=10 for all 
spaces but the Poincare space. For a given curvature, the rate with which Qc 
approaches 1 depends on the specific topology. The smaller the fundamental 
domain (and, hence, the size of the corresponding universe), the longer the 
effects of topology persist. For instance, we see tha t Qc almost never diverges 
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Figure 6.30: Qc for various values of the Hubble parameter for the Truncated cube 
space. 
from unity in the case of the Quaternionic space, which has the largest funda-
mental domain, but shows large deviations in the case of the Poincare space, 
which has the smallest size, and these deviations are prominent even when the 
space is almost flat. 
6.7 Simulated maps 
Having described the effects of non-trivial topologies on the temperature anisotropy 
correlation matr ix and the power spectrum, we now turn to investigate what 
a CMB map of such a universe would look like. The off-diagonal terms in 
the correlation matr ix might suggest the presence of non-Gaussianities in the 
map, but if they do exist, how significant are they? In order to find out if 
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Figure 6.31: Qc for various values of the Hubble parameter for the Poincare space. 
there are any immediately recognisable imprints (such as obvious correlations 
or alignments) we construct maps for multi-connected universes with vary-
ing curvature. This can be easily done by means of Eq. (6.32), whereby we 
generate tha t can be used by Healpix to compose the maps. 
For each space we generate 10 maps of the lowest multipoles {£ = 2 — 
10) star t ing with a high curvature and moving on to less curved spaces. 
Then we pick two realisations, one of high curvature (corresponding to Ho~52 
km/sec /Mpc) and one of low curvature (corresponding to Ho=Q4 km/sec /Mpc) 
and show each one of the lowest multipoles and a progressive construction of 
the map, tha t is, how the map gradually changes if we s tar t with i = 2 and 
consecutively add higher multipoles until we reach £=10. This helps us un-
derstand the power of each multipole in relation with the rest, since we can 
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directly see how its inclusion affects the overall pattern of the map. 
The maps also include realisations of a simply-connected space with the 
same cosmological parameters as the multi-connected ones for the sake of com-
parison. We have also plotted the lowest multipoles of the 3-year WMAP data, 
derived from the ILC map. This map is suitable for use in analyses, since the 
amount of noise at large scales is negligible. All maps have been generated by 
Healpix with Ngide = 32. In the case of multi-connected spaces, we generate 
the d/mS directly using Eq. (6.32) and have Healpix read them from a file, 
while in the case of the simply-connected space we simply compute the power 
spectrum and have Healpix compose a map from that power spectrum. Of 
course, using the power spectrum to create maps for multi-connected spaces 
would not suffice, since this would involve making the implicit assumption of a 
diagonal correlation matrix. Finally, in the case of the WMAP data, we used 
the ILC map of the 3-year data, made publicly available by the WMAP team. 
The WMAP data map exhibits the well-known multipole alignments [68]. 
Such alignments can also be seen in some multipoles of the multi-connected 
spaces (for instance, the £ = 3,4 of the Octahedral space for Ho=64: km/sec/Mpc 
or the quadrupole of the Poincare space for Ho=6i km/sec/Mpc). However, 
we should point out that this does not imply that multipole alignments are 
an inherent characteristic of multi-connected spaces; these maps are single re-
alisations and the fact that they may exhibit some pathological features does 
not necessarily mean that such features are likely in topological spaces. 
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Figure 6.32: Simulated maps for the Quaternionic space with £max=^0. 
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Figure 6.33: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Quaternionic space. 
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Figure 6.34: Individual multipoles (left column) and progressive construction of a 
map (right column) for the quaternionic space. 
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Figure 6.35: Simulated maps for the Octahedral space with £max=^0. 
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Figure 6.36: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Octahedral space. 
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Figure 6.37: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Octahedral space. 
6. Imprints of non-trivial topologies 1 9 2 
Truncated cube space 
Ho = 52 km/sec/Mpc 
Ho = 54 km/sec/Mpc 
Ho = 56 km/sec/Mpc 
Ho = 58 km/sec/Mpc 
Ho = 60 km/sec/Mpc 
Ho = 62 km/sec/Mpc 
Ho = 64 km/sec/Mpc 




Figure 6.38: Simulated maps for the truncated space with imax=iO. 
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Figure 6.39: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Truncated cube space. 
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Figure 6.40: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Truncated cube space. 
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Figure 6.41: Simulated maps for the Poincare space with irnax=^0. 
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Figure 6.42: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Poincare space. 
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Figure 6.43: Individual multipoles (left column) and progressive construction of a 
map (right column) for the Poincare space. 
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Figure 6.44: Simulated maps for a closed simply-connected space with 10-
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Figure 6.45: Individual multipoles (left column) and progressive construction of a 
map (right column) for a simply-connected space. 
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Figure 6.46: Individual multipoles (left column) and progressive construction of a 
map (right column) for a simply-connected space. 
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Figure 6.47: Individual multipoles (left column) and progressive construction of a 
map (right column) for the 3-year WMAP data. 
Chapter 7 
Model comparison 
We have already seen that the non-trivial topologies we are considering can 
provide better fits to the CMB power spectrum in many cases, especially when 
it comes to the Truncated cube and the Poincare space. However, we should 
note that the best fits are in most cases l imited to lower values of HQ^ except 
for the Poincare space, where HQ > 70 k m / s e c / M p c seems to provide better 
fitting power spectra. 
The correlation matrix seems to have a non-trivial structure, as is evident 
both from its density plots in harmonic space and the visualisations of its 
rows in pixel space, while the CMB maps for low multipoles show alignment 
of some multipoles in several cases. The W M A P data seem to exhibit non-
Gaussianities and suggest preferred directions as numerous analyses of both 
the 1st and the 3- year data have shown. 
So, do the suppression of power at low i. and the anisotropy induced by 
the topological properties of multi-connected spaces explain the findings of 
W M A P ? Equivalently, does the W M A P dataset suggest that we actually live 
in a universe with non-trivial topology? In order to answer these questions, we 
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shall perform a model comparison, whereby we shall test the simplest spherical 
multi-connected manifolds against the standard, simply-connected, flat A C D M 
model to see if there is enough evidence to justify adopting a non-trivial topol-
ogy for a cosmological model. First, we are going to test our models using 
the power spectrum alone, in a manner similar to that which we followed for 
the alternative physics models of section 4.2. But in order to be able to draw 
some definite conclusions, we are also going to use the correlation matrix in 
our model comparison, since it holds much more information than the power 
spectrum. 
7.1 Power spec t rum 
We have seen that some of the compact universes we are considering seem to 
provide a better fit to the W M A P data than their simply-connected counter-
parts and the W M A P best-fit model itself. However, in order to reach a valid 
conclusion an analysis using the likelihood function is essential. If we only take 
into account the temperature anisotropy power spectrum, we can proceed in a 
way fairly similar to that we followed in the case of a closed simply-connected 
universe whose primordial power spectrum is truncated at scales close to the 
curvature scale (section 4.2) as far as the W M A P first-year data are concerned. 
The geometrical degeneracy conditions imply that the only free parameter is 
the curvature, or equivalently, the Hubble parameter. The relation between 
the two is depicted in Fig. 4.5. We draw our models from the class of closed 
(simply-connected) universes that exhibit the same power spectrum as the 
W M A P best-fit at small scales. The multi-connected topology does not enter 
into our selection criterion, since we expect multi-connected models to have 
the same power spectrum as simply-connected ones of the same curvature at 
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smaller scales. By varying the curvature, we modify the amount of suppres-
sion of power at large scales. In multi-connected universes this effect is related 
to the finite size of the fundamental domain (specifically its size with respect 
to the curvature radius), so that we do not need to modify the primordial 
power spectrum in order to reduce the power at low £. However, in the case 
of simply-connected closed spaces we had to do exactly that, by assuming a 
(somewhat arbitrary) form of the primordial power spectrum that imposed a 
cutoff at scales close to the curvature radius in order to supress the ISW effect. 
We calculate the likelihood as a function of the Hubble parameter for 52 
k m / s e c / M p c < HQ < 66 km/sec /Mpc. Again, we choose HQ as our free pa-
rameter rather than since it is much easier to place priors on the former. 
The likelihood is computed by means of the routine provided by the W M A P 
team for analyzing their first-year data. This routine requires as input a set 
theoretical Q s and outputs the likelihood for that particular set, taking into 
account correlations among different ts. The likelihood function as a function 
of Ho is constructed as follows: first of all, we compute the transfer functions at 
particular values of Ho in the aforementioned range and tabulate them. Then, 
we use an interpolation routine (in particular polint from Numerical Recipes, 
which performs a polynomial interpolation) to calculate the transfer function 
at the desired value of Ho- Finally, we compute the power spectrum using 
Eqns. (6.33) and (6.36) and feed it to the W M A P likelihood routine in order 
to get the final result. One might wonder why we make the interpolation on 
the transfer functions and calculate the power spectrum from scratch instead 
of computing sets of Q s for various values of Ho and then use the interpolation 
routine on those sets to come up with a power spectrum for any Ho, as indeed 
was done for the simply-connected spaces of section 4.2. The reason is that the 
power spectrum of multi-connected spaces is no longer smooth at large scales 
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Figure 7.1: The hkeUhood as a function of the Hubble parameter for the Quater-
nionic space. 
as a result of the missing wavenumbers and the finiteness of the fundamen-
tal domains. Therefore, using an interpolation on the power spectrum could 
produce inaccurate results. In contrast, the transfer functions are sufficiently 
smooth so that we can safely interpolate to find their values at any desired HQ. 
Of course we did not have this problem with simply-connected spaces, where 
the nature of the power spectrum permitted the use of interpolation directly 
on the Q s . Figures 7.1-7.4 show the likelihood as a function of HQ. 
In all spaces but the Poincare space lower values of HQ (and therefore a 
higher curvature) are favoured. This is to be expected, as a lower curvature 
radius also leads to smaller fundamental domains and further suppression of 
power at large We note that the likelihood function of the Quaternionic, the 
Octahedral and the Truncated cube space has a somewhat similar shape but it 
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Figure 7.2: The likelihood as a function of the Hubble parameter for the Octahedral 
space. 
is characterised by higher values as we move toward spaces with smaller funda-
mental domains. One might have guessed that this would be the case from the 
power spectra of section 6.6: it is rather obvious that of all three spaces the 
Truncated cube space fits the data best at any given curvature. Furthermore, 
the likelihood seems to fall off more rapidly for spaces with smaller funda-
mental domains; in other words its range of high values is more pronounced. 
This effect is mostly evident in the likelihood function for the Poincare space: 
it exhibits a sharp peak around HQ = 63 k m / s e c / M p c and decreases fast on 
either side, suggesting that only a small region of our allowed range of Ho fits 
the data well. In contrast to the other three spaces, the lowest values of HQ 
are not favoured; indeed, at those low values the shape of the power spectrum 
does not quite agree with the data. 
7. M o d e l comparison 207 
Truncated cube space 
SO 52 54 56 58 60 62 64 
Ho (km/sec/Mpc) 
66 68 70 
Figure 7.3: The Hkelihood as a function of the Hubble parameter for the Truncated 
cube space. 
Once we have constructed a likelihood function, all we need is a prior on the 
free parameter to calculate the evidence for each space. Based on information 
by the HST project and other experiments, we can impose a Gaussian prior 
centered on 72 k m / s e c / M p c with a variance cr=10, although the exact shape 
of the prior does not affect the results much. The lower limit is set at 52 
km/sec /Mpc , since it is unlikely for HQ to be any lower based on the evidence 
we have collected so far. The upper limit is set at 66 km/sec /Mpc . It could 
be as high as 72 km/sec /Mpc (which corresponds to zero curvature; after that 
only open models lie along the geometrical degeneracy line) but we selected a 
lower limit for the following reason: as HQ increases, so does the contribution to 
the total power at a given f from higher wavenumbers, as is apparent from the 
relevant plots in section 6.6. At HQ ~ 68 k m / s e c / M p c the contribution from 
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Figure 7.4: The likelihood as a function of the Hubble parameter for the Poincare 
space. 
modes A; > 40 becomes sufficiently important as to prevent us from calculating 
the power spectrum accurately by using k < AO only. Our calculations show 
that at HQ > 68 k m / s e c / M p c the Q s appear to be artificially low toward our 
upper limit for £ and we identified the reason for this to be the shift of the high-
valued region of the radiation transfer functions toward higher wavenumbers 
for which we have not calculated the eigenmodes of the Laplacian. Thus, we 
had to impose an upper limit of HQ = 68 k m / s e c / M p c to ensure accurate 
results. It should be pointed out that this limit does not exclude values of HQ 
favoured by the non-trivial topologies as is evident from the likelihood plots. 
Table 7.1 shows the Bayes factors and the corresponding evidence for each 
topology. We note that the non-trivial topologies do not fare well: with the 
exception of the Truncated cube space, which is marginally preferred by the 
7. Model comparison 209 
1st year data - HQ 
model Bayes factor a model preferred 
best-fit 1 - -
Quaternionic 0.39398 1.36488 best-fit 
Octahedral 0.58485 1.03576 best-fit 
Truncated cube 2.12345 1.22723 Truncated cube 
Poincare 0.40443 1.34557 best-fit 
Table 7.1: Model comparison with regards to the power spectrum for the 1st year 
WMAP data. HQ is the free parameter with a Gaussian prior. 
data, all other multi-connected spaces have a lower evidence than the best-fit 
A C D M (Bayes factor < 1). 
The Quaternionic space seems the least likely of all; this is to be expected, 
since it has the largest fundamental domain and the fewest missing wavenum-
bers. Even at the highest curvature values, the Quaternionic space is large 
enough to prevent any suppression of power at large scales. The ISW effect 
is always present in its power spectrum, which is almost identical to that of 
a simply-connected space of the same curvature, making it essentially a bad 
fit to the W M A P data. This is reflected in the very low Bayes factor for this 
topology: a mere 0.394, which does not suffice for considering the Quaternionic 
space as a plausible alternative to the best-fit model. 
The Octahedral space fares slightly better. Wi th the second largest funda-
mental domain and almost the same number of missing wavenumbers as the 
Quaternionic space, it only shows some suppression of power at low values of 
HQ. Consequently, its Bayes factor is slightly larger than that of the Quater-
nionic space, but still very low, as these values of HQ are not favoured by the 
data at hand. 
The Truncated cube space seems to be the only one preferred over the best-
fit model. Indeed, it provides a better fit to the data than all other topologies 
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and the standard model itself; this agreement with the data is not l imited to 
low values of HQ only, but is also observable toward the upper limit of HQ as 
well. However, the suppression of power subsides as the space becomes less 
curved, leading to a marginal preference for the Truncated cube space. Given 
that we need a Bayes factor of at least 3 to detect a definite advantage of 
a given model over another, we see that although there is some evidence in 
favour of this topology, this evidence is not strong enough for the Truncated 
cube space to be considered as a plausible alternative. 
Finally, the Poincare space has a very low Bayes factor, roughly the same 
as the Quaternionic space. It has the smallest fundamental domain and the 
greatest number of missing eigenmodes, so the suppression of power at low 
i is prominent even when the space is almost flat. However, there is a large 
section of the free parameter range, where the power spectrum of the Poincare 
space is a bad fit to the data: at HQ < 60 k m / s e c / M p c , Cg and C3 are very 
low compared to the actual data, and even the shape of the power spectrum in 
this region is quite different to what the data suggest. There is a very narrow 
range in the interval for HQ we are considering where this topology provides a 
good fit, as is also obvious from the likelihood function, which exhibits a sharp 
peak around HQ = 63 k m / s e c / M p c . As a result, the evidence for the Poincare 
space is extremely low, leaving the standard ACDM as the preferred model. 
All in all, we see that when we impose a Gaussian prior on HQ, most 
alternative topologies are ruled out by the data. The only exception is the 
Truncated cube space, which is marginally favoured, but its Bayes factor is too 
low to grant it any substantial evidence. For most topologies, the likelihood 
function is maximised in the \OW-HQ region and this regime is disfavoured 
by the other experimental evidence we have. In the case of the Poincare 
space, although the likelihood function peaks at a higher HQ, the fact that 
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1st year data - Qk 
model Bayes factor a model preferred 
best-fit 1 - -
Quaternionic 0.86384 0.54085 best-fit 
Octahedral 2.03068 1.19027 Octahedral 
Truncated cube 8.06436 2.04326 Truncated cube 
Poincare 0.40042 1.35295 best-fit 
Table 7.2: Model comparison with regards to the power spectrum for the 1st year 
WMAP data. The curvature is the free parameter with a flat prior. 
it only favours a very narrow region of the parameter space leads to a very 
low evidence. In order to determine the effect of the prior on the evidence for 
non-trivial topologies, we repeated this analysis using the curvature as a free 
parameter but assuming a flat prior this time. The range of the prior is the 
interval [-0.063, -0.008], the curvature values corresponding to the limits of the 
HQ range. Table 7.2 shows the results of our model comparison. 
We note that changing to a flat prior in % results in an increase in the ev-
idence for non-trivial topologies. Bearing in mind that the likelihood function 
favours more closed spaces, this increase becomes obvious: the contribution to 
the integral of the range where the likelihood reaches its highest values is no 
longer suppressed by the prior, as was the case with the Gaussian prior on HQ. 
If we also take into account the fact that the relation between the curvature 
and the Hubble constant is almost linear, we expect a notable increase in the 
evidence for all spaces for which a higher curvature is preferred by the data. 
The evidence for the Quaternionic space shows a roughly 3 fold increase 
but a Bayes factor less than 1 means that space is still less likely than the 
standard best-fit model. The increase in the evidence here is less than that 
for the Octahedral or the Truncated cube space, a result of the fact that the 
likelihood function does not vary as much with curvature. We would arrive 
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at the same conclusion by looking at the power spectra for the Quaternionic 
space: an increase in the spatial curvature makes little difference to the power 
at large scales, so that even if high and low curvatures are considered equally 
likely, the contribution to the evidence from higher curvatures does not change 
much. 
While the Bayes factor for the Quaternionic space does not increase signifi-
cantly, this is not the case with the Octahedral space. The contribution of the 
low end of the curvature range is enough to raise the Bayes factor above unity, 
making the Octahedral space more likely than the best-fit model. However, 
the Bayes factor is still too low to grant the Octahedral space any significant 
evidence, as is also apparent from the low number of a by which this space is 
preferred. 
Turning to the Truncated cube space, we see that its evidence increases 
even more than in the previous cases. Its Bayes factor is equal to 8, meaning 
that there is a definite, though not strong, evidence in favour of this model, 
according to the interpretation of Bayes factors we presented in section 3.3. 
This evidence translates to a roughly 2cr preference for the Truncated cube 
space and is the highest evidence for any of the models under consideration. 
In contrast to the other topologies, the Poincare space shows no significant 
increase in its evidence and still remains less probable than the standard model. 
This is due to the fact that the likelihood function in this case does not favour 
the lowest range of the Hubble parameter (or, equivalently, the higher end of 
the curvature range). It has a narrow peak at a somewhat intermediate value 
of fife, therefore even when we assume all possible values of 0^ to be equally 
likely, the evidence is not much affected. 
While this work was in progress, the cumulative 3-year data from W M A P 
were released. Since there has been a significant change to the results concern-
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ing the derived power spectrum at large scales, we thought it would be useful 
to include the new results in our analysis. Almost all low multipoles {i < 10) 
of the 3-year power spectrum are significantly higher than their 1st year coun-
terparts, only the quadrupole remaining low. As we have already noted, this 
change was purely the result of a different analysis technique for the extraction 
of the power spectrum at low £. If the W M A P team had employed the same 
technique as for the 1st year data, the low i end of the 3-year power spectrum 
would have been almost identical with that derived from the 1st year data. Our 
model comparison will therefore illustrate the eflFect of different data analysis 
techniques to model selection. 
Again, we make use of the power spectrum likelihood function provided by 
the W M A P team, which is now different from the one supplied for the 1st year 
data, using the pixelized map rather than the power spectrum. We show the 
likelihood function for the 3-year data in Figures 7.5-7.8, which also depict the 
1st year likelihood for comparison. 
We notice that the two likelihood functions are almost identical for the 
Quaternionic and the Octahedral spaces, while there are some differences in 
the case of the Truncated cube and the Poincare spaces. 
First of all, we repeat the model comparison using the 3-year data and 
imposing a Gaussian prior on HQ, as we did with the 1st year data. Our 
results are shown in Table 7.3. We see a dramatic decrease in the evidence 
for all topologies, which now have insignificant Bayes factors. However, this 
t ime it is the Poincare space that exhibits the highest Bayes factor, followed by 
the Truncated cube space, while the Quaternionic space has the lowest Bayes 
factor. 
Changing to a fiat prior in the curvature does not improve things much, as 
we see from Table 7.4. Now the Octahedral space appears more likely than the 




Figure 7.5: The logarithm of the likelihood as a function of the Hubble parameter 
for the Quaternionic space. 
3-year data - HQ 
model Bayes factor cr model preferred 
best-fit 1 - -
Quaternionic 4^5x10-3 3.2841 best-fit 
Octahedral &14X10-3 3.1915 best-fit 
Truncated cube 7.50x10-3 3.1282 best-fit 
Poincare 8.48x10-3 3.0887 best-fit 
Table 7.3: Model comparison with regards to the power spectrum for the 3-year 
WMAP data. HQ is the free parameter with a Gaussian prior. 
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Figure 7.6: The logarithm of the likelihood as a function of the Hubble parameter 
for the Octahedral space. 
others, followed by the Truncated cube, and the Quaternionic space becomes 
the least plausible. Although the Bayes factor of the Octahedral space has 
increased by roughly two orders of magnitude, the standard model is still 
preferred by the data. The other spaces fare much worse, leaving the W M A P 
best-fit model the undisputed winner. 
All in all, we observe that a model comparison based on the power spectrum 
does not favour non-trivial topologies. Evidently, the 1st year data supports 
topological spaces more than the 3-year data, since the power spectrum from 
the former dataset exhibits significantly more suppression of power at low £. 
Assuming no preference over a particular range of curvatures, we conclude that 
there is a definite evidence in favour of the Truncated cube space, although 
this evidence is quite weak. The Octahedral space is also preferred by the 
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Figure 7.7: The logarithm of the likelihood as a function of the Hubble parameter 
for the Truncated cube space. 
3-year data - flk 
model Bayes factor a model preferred 
best-fit 1 - -
Quaternionic 0.07742 2.2621 best-fit 
Octahedral 0.31994 1.5097 best-fit 
Truncated cube 0.14220 1.9751 best-fit 
Poincare 0.03677 2.5703 best-fit 
Table 7.4: Model comparison with regards to the power spectrum for the 3-year 
WMAP data. The curvature is the free parameter with a flat prior. 
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Figure 7.8: The logarithm of the hkehhood as a function of the Hubble parameter 
for the Poincare space. 
data, but only marginally. 
The situation changes when we adopt a Gaussian prior on HQ. All non-
trivial topologies are penalized by the fact that they require a somewhat low 
HQ in order to fit the data well. As a result, their Bayes factors are less than 
unity, making them less probable than the standard model, with the exception 
of the Truncated cube space. But even in this case, the Bayes factor is too low 
to justify abandoning the W M A P best-fit model. 
Finally, all topologies are ruled out if we perform our analysis using the 
3-year data, be it with a Gaussian prior on HQ or a flat prior on the curvature. 
The rise in the power of low multipoles is high enough to diminish the evidence 
for the non-trivial topologies to the extent that the standard model proves to 
be by far the most plausible. Here we observe that the evidence for non-trivial 
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topologies is higher when we are considering a flat prior on the curvature, 
which probably reflects the fact that the shape of the low-iifo power spectra 
provides a better fit to the data. 
Considering the case of a Gaussian prior on we see that our results 
regarding the 1st year data do not differ much from those using the 3-year 
data. Of course the Bayes factors of non-trivial topologies are higher in the 
first case, but in both cases there is no significant preference for any non-trivial 
topology. The biggest difference is in the case of a flat prior, where the 1st 
year data shows a preference for the Truncated cube space, while the 3-year 
data still prefers the W M A P best-fit model. It seems that there is no room for 
these alternative topologies if we limit our analysis to the power spectrum, as 
they are either disfavoured or their evidence is too weak. But this conclusion 
is not definite, since the non-diagonal terms of the correlation matrix provide 
a wealth of information that we have so far ignored. We shall now see if that 
information is enough to increase the chances of multi-connected topologies. 
7.2 Correlation mat r ix 
The previous section shows that the power spectrum alone does not favour 
any multi-connected topologies over the standard, simply-connected model. 
But, as we have already noted, we are essentially ignoring information by only 
considering the power spectrum, since the temperature anisotropy correlation 
matrix has off-diagonal terms. A full analysis would require the inclusion of 
those off-diagonal terms. In this section we conclude our model comparison 
by doing just that; use a likelihood function involving the whole correlation 
matrix. 
Evidently, the Hubble constant is still a free parameter of our likelihood 
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function, as before; now, however, we must take into account the fact that the 
correlation matrix is not rotationally invariant and formulate our parameter-
ization accordingly. We can express the dependence on orientation through 
the Euler angles a , /?, 7 as defined in [161] with 0 < ct < 27r, 0 < ^ < tt and 
0 < 7 < 27r. A rotation through {a, /?, 7) is realised by action of the Wigner 
D-functions [162]. 
The range of the Hubble parameter remains the same as before, while the 
range of the Euler angles is dictated by the specific symmetries of the funda-
mental domain of the topology in question. Since the fundamental polyhedra 
exhibit symmetries, it is not necessary to consider the full range of each an-
gle to cover the space. Finally, we have also let the amplitude of the power 
spectrum of initial perturbations vary slightly. 
Now the likelihood takes the form 
C(A, Ho, a, P, 7) = ^ exp [R{a, /), j)aemf P, 
V 27r|GA,i?o| 
(7.1) 
where the HQ subscript denotes that the correlation matrix depends on the 
Hubble parameter and the amplitude of initial perturbations and R{a, p, 7) 
is the rotation matrix (Wigner function). In order to implement the model 
comparison, we need to express the correlation matrix as a function of the 
Hubble parameter. The obvious way to do this, would be to tabulate values 
of each element for specific values of HQ and find the rest by interpolation 
as with the power spectrum analysis. However, we have found that not all 
elements vary smoothly with HQ, SO that this method would produce inaccurate 
results. Instead, the radiation transfer functions vary smoothly enough to 
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allow the use of polynomial interpolation. Therefore, we construct a table 
of transfer functions for various values of HQ and then use an interpolation 
routine {polint from Numerical Recipes) to compute them for any desired value 
of HQ. Then, we construct the correlation matrix in the usual way and use the 
relevant LAPACK routines to perform the inversion and the calculation of the 
determinant. The data we use are the a^^s extracted from the 3-year W M A P 
ILC map which has negligible noise at large scales. 
It is interesting to see how closed a universe the W M A P data prefer, in 
other words, what values of the Hubble constant are preferred. To this end, 
we marginalise the likelihood function over the amplitude, and the Euler an-
gles. We adopt flat priors for these parameters with amplitude in the range 
[0.5,1.2] and the Euler angles covering the whole space. We first perform the 
marginalisation using simulated data, to see how sensitive the likelihood is 
to the data. The following figures depict the marginalised likelihood for a 
set of aemS generated for the respective multi-connected space and for Ho=64: 
km/sec /Mpc . The integration is done by means of the Monte-Carlo integration 
routine 'miser' found in Numerical Recipes, combined with the pseudo-random 
number generator 'sobseq'. The latter boosts the accuracy of 'miser', offering 
accurate results with a few thousand calls to the integrand, whereas a uniform 
random number generator would require a considerably larger number of calls 
[163]. We make 1000 calls to the likelihood function for each point and plot 
the average. In most cases, the variance is too small to be depicted. 
We see that in the case of the Poincare and the Truncated cube space, 
the likelihood function peaks around HQ=QA km/sec /Mpc, as we would expect 
for simulated data corresponding to that Hubble parameter. However, the 
Octahedral and Quaternionic space fail to show a well-defined peak at that 
particular point. The reason for this is probably the fact that for these spaces. 
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Figure 7.9: The marginalised likelihood function for the Quaternionic space, for 
simulated data corresponding to Ho=60 km/sec/Mpc. 
Octahedral space 
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Figure 7.10: The marginalised likehhood function for the Octahedral spacc, for 
simulated data corresponding to Ho=60 km/sec/Mpc. 
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Truncated cube space 
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F igure 7.11: The marginalised hkehhood function for the Truncated cube space, 
for simulated data corresponding to Hq=60 km/sec/Mpc. 
PolncarA space 
56 58 6 0 
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F igure 7.12: The marginalised hkelihood function for the Poincare space, for sim-
ulated data corresponding to Ho=60 km/sec/Mpc. 
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which have large fundamental domains, the off-diagonal terms of the correla-
t ion matrix are not significant enough (or, in other words, there are no distinct 
structures in the CMB maps) to make a difference as the curvature of space 
varies. Furthermore, the diagonal terms do not vary much with curvature. 
This is evident from the power spectra for these spaces, as well as from their 
maps. The Octahedral space has a small enough fundamental domain to pro-
duce some structure in the CMB maps for higher values of the curvature and 
indeed, for the corresponding values of HQ the likelihood is zero. But once the 
space becomes large enough, the likelihood function is almost insensitive to the 
curvature and the exact point where it peaks must depend on the particular 
realisation, especially since we also marginalise over the amplitude. 
Let us now see how the non-trivial topologies compare against the actual 
data. As before, we marginalise the likelihood over all parameters but HQ and 
plot the result as a function of HQ. 
An overall remark about the likelihood function is that it favours those 
spaces that show little or no structure in their correlation matrices. Thus, 
the likelihood function takes lower values for the Truncated cube and Poincare 
spaces, which show strong correlations among various multipoles. And in these 
cases, the highest likelihood values are observed when the space is closest to 
flat, around HQ=66 km/sec /Mpc , corresponding to = —0.01, the value 
reported in [147] using the quadrupole and octopole of CMB power spectrum. 
Very small universes are ruled out, although their power spectra seem to fit 
that derived from W M A P better, since they induce a complex structure in the 
correlation matrix (as is evident from plotting its rows) which is not reflected 
in the data. This is particularly evident in the likelihood functions of the 
Octahedral and the Truncated cube spaces; when taking into account only the 
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Figure 7.13: The marginalised likelihood function for the Quaternionic space for 
the 3-year WMAP data. 
Octahedral space 











Figure 7.14: The marginalised hkelihood function for the Octahedral space for the 
3-year WMAP data. 
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Figure 7.15: The marginalised likelihood function for the Truncated cube space for 
the 3-year WMAP data. 
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Figure 7.16: The marginalised likehhood function for the Poincare space for the 
3-year WMAP data. 
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3-year data - HQ 
model Bayes factor A model preferred 
best-fit 1 - -
Quaternionic 0.018246 2.8298 best-fit 
Octahedral 0.005482 3.2269 best-fit 
Truncated cube 0.001239 3.6588 best-fit 
Poincare » 1 best-fit 
Table 7.5: Model comparison based on the correlation matrix for the 3-year WMAP 
data. HQ is the free parameter with a Gaussian prior. 
power spectrum, it is lower values of HQ that are favoured; however, when we 
consider the correlation matrix it is the higher values of HQ that are preferred. 
The data point to a correlation matrix with slightly lower diagonal terms than 
predicted by the standard best-fit model combined with very small deviations 
from being diagonal. 
Finally, we calculate the Bayes factors and evidence for each model with 
respect to the WMAP best fit. For the latter, we construct a diagonal matrix 
with the relevant Q s on the diagonal. As a prior we adopt the same Gaussian 
we used for the model comparison based on the power spectrum (with a mean 
of 72 km/sec/Mpc and a variance of 10 km/sec/Mpc). The results are shown 
in Table 7.5. 
Our results show that now the situation is reversed: it is the Quaternionic 
space that seems the most likely of all non-trivial topologies, followed by the 
Octahedral space. The Truncated cube space comes third, while the Bayes 
factor for the Poincare space is numerically zero. Furthermore, we see that 
taking into account the extra information provided by the off-diagonal terms 
of the correlation matrix increases the chances of all non-trivial topologies. 
The higher evidence of the Quaternionic space suggests that the data prefer 
an almost featureless correlation matrix which produces a power spectrum with 
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somewhat reduced power at low i. The likelihood function is non-zero for the 
whole range of ifo) in contrast to the other spaces, and this reflects in the higher 
Bayes factor. But still, this Bayes factor is too small to grant the Quaternionic 
space any advantage over the flat, trivial best-fit model. 
The Octahedral space is the second most likely topological space, but its ev-
idence is not high enough for it be preferred over the standard model. Although 
the likelihood function is non-zero for the whole range KQ > 60 km/sec/Mpc, 
the Octahedral space gets penalized for the fact that it does not fit the data 
for lower HQ. 
The Truncated cube space, which fared better than the other spaces in 
our power spectrum analysis, has now a Bayes factor of just 0.0012 making it 
less likely than the WMAP best fit model. The likelihood function has only a 
small region that allows a fit to the data, which greatly reduces the evidence 
for that particular topology. Although this region lies in the low curvature 
regime, corresponding to more probable values of HQ, its size is small enough 
to dilute the evidence. 
Finally, the evidence for the Poincare space is practically zero (with the 
precision of our numerical code). The small size and complex topology of this 
space produce a correlation matrix with a prominent non-trivial structure even 
when the curvature almost vanishes. The degree of structure in the correlation 
matrix is not in agreement with the data, rendering the dodecahedral space 
highly improbable. 
We also calculate the Bayes factors using a fiat prior on the curvature, as 
we did previously. The results are shown in Table 7.6. 
Changing the prior does not have a significant eff'ect on the evidence of 
non-trivial topologies. It somewhat improves their chances by emphasising 
more the curvature range that best fits the data, but the corresponding Bayes 
7. Model comparison 228 
3-year data - Qk 
model Bayes factor a model preferred 
best-fit 1 - -
Quaternionic 0.039461 2.5426 best-fit 
Octahedral 0.004686 3.2751 best-fit 
Truncated cube 0.000317 4.0141 best-fit 
Poincare 4 : 1 » 1 best-fit 
Table 7,6: Model comparison based on the correlation matrix for the 3-year WMAP 
data, rik is the free parameter with a flat prior. 
factors are too small to grant them any preference. 
7.3 Conclusions and fu tu re prospects 
The non-trivial topologies we have examined are not a viable candidate for 
accounting for the low power and apparent non-Gaussianity in the WMAP 
data. The flat, ACDM model with a simply-connected topology seems to fit 
the data better, even though they appear to have some non-trivial structure 
[102, 103, 164] and the quadrupole remains anomalously low, even after the 
revised analysis of the WMAP data [63, 68]. 
We have seen that non-trivial topologies can induce a power suppression at 
low ^ as a result of the finiteness of space. The amount of suppression depends 
on the curvature radius and the size of the fundamental domain. More curved 
spaces exhibit less power at low i. Furthermore, the smaller the fundamental 
domain, the more pronounced the power suppression for a given curvature. 
Also, for higher curvature and small fundamental domains, the phenomenon 
of reduced power persists longer (higher multipoles). We saw that in the case 
of the Truncated cube and the Poincare spaces, we can even reproduce the 
WMAP 1st year results by tuning the curvature. However, this requires a 
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lower Hubble constant than that reported by the HST project (~ 64 — 66 
km/sec/Mpc) if we are to employ the geometrical degeneracy to ensure the 
power spectra of non-trivial topologies match that of the WMAP best-fit at 
small scales. In order to achieve power suppression in the Octahedral space we 
need to lower the Hubble constant significantly (~ 52 — 54 km/sec/Mpc), while 
the power spectrum of the Quaternionic space almost overlaps with that of a 
trivial closed space of the same curvature, whatever the value of HQ in the range 
we are considering. This is a caveat of the spherical non-trivial topologies, 
because on the one hand one would have to set the curvature to produce the 
observed results and on the other this sort of fine-tuning also imposes a low 
Hubble constant. Both these factors result in a low evidence for the non-trivial 
topologies: at best, their Bayes factors render them indistinguishable from the 
standard model, while in most cases they are clearly disfavoured. 
What we noted for the prior on HQ in the case of closed simply-connected 
models in Chapter 4 applies here as well to some extent. The likelihood func-
tions with regard to the power spectrum of all non-trivial topologies except for 
the Poincare space peak near the lower bound of the HQ range. As a result, the 
effect of the Gaussian prior we used is the same as in Chapter 4. The evidence 
for the Poincare space is less affected by the prior, since very low values of HQ 
are disfavoured. The effect of the Gaussian prior becomes quite obvious when 
the prior is flat in in that case the evidence increases significantly, but still 
is not enough for a positive preference of any non-trivial topology. Things are 
somewhat different when the correlation matrix is taken into account: except 
for the Quaternionic space, all other topologies do not fare well in the low-i/o 
regime as can be seen from their likelihood functions. In fact, the likelihood 
functions of the Truncated Cube and Poincare spaces have a sharp peak be-
yond 64 km/sec/Mpc. Even the likelihood function of the Quaternionic space 
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does not vary much in the range of HQ we selected (although it is maximised 
at the lower bound). The evidence here is dominated by the large empty areas 
of the parameter space rather than the prior and adopting a lower bound less 
than 52 km/sec/Mpc would further decrease the evidence. The effect of our 
Gaussian prior on the Bayes factors is clearly demonstrated by changing to a 
less biased, flat prior in the curvature: the Bayes factors remain roughly the 
same (they actually decrease slightly in the case of the Octahedral and Trun-
cated Cube space, since there is no longer an emphasis on the high end of the 
HQ range). 
Although this research was originally based on the 1st year WMAP results, 
while this thesis was being completed the 3-year data were published. The 
latter showed a quite radical change in the power spectrum at low t. almost all 
low multipoles but the quadrupole showed a notable increase. The sole reason 
for this was a different analysis technique [68]. We decided to include the 3-
year data in our analysis in order to determine what effect a particular data 
analysis technique has on our analysis. With regards to the power spectrum, 
the results of our model comparison did not overturn our previous conclusions; 
if anything, they bolstered the assumption of the flat ACDM as the model best 
fitting the data. 
The suppression of power is only part of the effect of a non-trivial topology; 
a multi-connected space can leave its imprint on the temperature correlation 
matrix as well. The particular symmetries of a topology give rise to off-diagonal 
terms and correlations among different multipoles. The extent of these struc-
tures depends on the size of the Universe and the topology in question; we saw 
that a space with a complex topology and very small fundamental domain, like 
the Poincare space, has well-defined correlations, while a simple space, like the 
Quaternionic space, has an almost featureless correlation matrix, much like 
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that of a simply-connected space. We also produced simulated CMB maps 
for various values of the curvature. Some of them showed signs of multipole 
alignment; however, we cannot be certain that this is a generic property of 
the topologies in question: the number of realisations is too low to allow any 
definite conclusion. The extent of distinct topological signatures on the CMB 
map and their observability are still debated (see e.g. [135, 149]), but is a mat-
ter worth pursuing in the light of recent claims for alignments and preferred 
axes in the WMAP data. However, there is no doubt about the topological 
properties of a space being reflected in the correlation matrix and we decided 
to use this information to infer the plausibility of non-trivial topologies. Our fi-
nal model comparison made use of all the information a multi-connected space 
could provide us (with regards to the temperature anisotropy) by including the 
correlation matrix in the likelihood function. In this case, the 3-year WMAP 
data (extracted from the ILC map) showed a preference toward correlation 
matrices with minimal off-diagonal terms, granting the Quaternionic space 
the highest probability. In most cases, the extent of non-trivial structures in 
the correlation matrix was large enough to cause the likelihood to drop to zero 
for a big range of the parameter space. Accordingly, the Bayes factors of non-
trivial topologies were very small, leaving the standard ACDM the undisputed 
winner. 
However, this does not exclude the possibility of a non-trivial topology alto-
gether. We have limited ourselves to the simplest spherical non-trivial topolo-
gies, namely the single-action spherical manifolds, however there are other pos-
sibilities to explore, the double-action or linked-action manifolds ([131]). But 
these topologies are more complex and determining the Laplacian eigenmodes 
in such spaces could be computationally challenging. Hyperbolic topologies 
do not seem very likely, as the WMAP data points to a fiat or slightly closed 
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universe, while flat topologies require fine-tuning to reproduce the observed 
results (i.e. making the topology scale comparable to the Hubble scale). 
Turning to the spherical topologies we have examined, we should note that 
the fact that our models are plagued by a relatively low Hubble constant results 
from using the geometrical degeneracy to define its shape at smaller scales. It 
might be possible to adjust the power at large scales by different combinations 
of cosmological parameters without this restriction of the Hubble parameter, 
but this would, of course, require some additional mechanism to ensure that 
the shape of the power spectrum at smaller scales matches the one we derive 
from observations. However we should mention that the requirement for a low 
Hubble constant is not necessarily a caveat of these non-trivial topologies, as it 
has been argued that HQ is actually lower than currently suggested ([165] and 
references therein); if true, this would prove advantageous for these topologies. 
Another possibility could be an alternative primordial power spectrum; we 
have used the analogue of a scale-invariant power spectrum for closed spaces, 
but in fact we do not know of any mechanism that could generate the primor-
dial fluctuations in a spherical universe. If such a mechanism is ever conceived, 
it could predict a different form of primordial power spectrum. 
Perhaps we could search for more information in other aspects of CMB 
observations, such as polarisation [166] where a circles-in-the sky approach 
might yield some results. But even in this case, a full analysis would have 
to follow the same steps we have described; this would require expressing the 
eigenmodes of the Laplacian on a basis of the spin-2 spherical harmonics and 
we do not know whether it could be computationally feasible. 
However, with the data and cosmological theories at hand, the case for a 
slightly closed multi-connected universe seems highly unlikely, primarily due 
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to the fact that such a universe would require a low Hubble parameter and 
due to the high degree of structure multi-connected spaces exhibit in the CMB 
temperature maps in most cases. This latter fact is expressed through a non-
zero likelihood in a small region of the parameter space, a sign that fine-tuning 
would be required for these models to reproduce the observations and this fine-
tuning is penalised by Bayesian model comparison, leaving flat ACDM as the 
most plausible model. 
Chapter 8 
Epilogue 
High precision measurements of the CMB have revolutionised cosmology and 
the promise of testing theory with accurate data spawned a wealth of research 
in many directions. The WMAP satellite provided data of unprecedented 
accuracy in the range of large-to-medium scales and this data, when com-
bined with other observations, points to a flat, power-law ACDM cosmological 
model as the best description of the Universe. However, the CMB temper-
ature anisotropy power spectrum derived from the 1st year data of WMAP 
exhibits a prominent lack of power at large scales, in sharp contrast to the pre-
dictions of the standard cosmological model. This power deficit in the CMB 
temperature anisotropy power spectrum caused a stir within the cosmological 
community. It was corroborated by observations made earlier by COBB and 
thus is in imminent need of an explanation. Some authors disputed its statis-
tical significance or attributed it to systematics or foregrounds eflPects, while 
others sought an explanation in modifying our existing theories. 
This debate on the power deficit at large scales motivated us to look into 
some of the most plausible explanations and determine whether it would justify 
234 
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a revision of the currently accepted cosmological model. We first explored two 
phenomenological propositions adopting minor modifications to the physics of 
the standard cosmological models to accommodate the observed low power. 
In the first case, a cut-off in the primordial power spectrum was introduced 
by fiat whereby the suppression of power at large scales was regulated by the 
cut-off scale. In the second case a slightly closed geometry was adopted and 
the power deficit was attributed to the hypothesis that the primordial power 
spectrum would truncate at scales close to the curvature scale. Even though 
both models were, in a way, engineered to match the observations, Bayesian 
model comparison did not prove them more likely than the flat ACDM model. 
In fact, these models are actually much less plausible, if a prior on models is also 
taken into account in addition to the Bayes factors. Given that both models 
were constructed in response to the WMAP findings and have no theoretical 
basis for the cut-off in the primordial power spectrum, their prior would be 
low, rendering them even more unlikely. 
Since these specially constructed models are indistinguishable from the 
WMAP best-fit, the question is: would it be possible for any model to fare 
significantly better? In other words, would Bayesian model comparison based 
on the power of the quadrupole and the octopole ever yield a definite preference 
for any model over the WMAP best-fit? The answer lies in determining the 
statistical significance of disregarding the data on the lowest multipoles. Our 
analysis places it at the 2.75a level, meaning that no model would fare any 
better than 2.75a if only Cg and C3 are taken into consideration. Therefore, 
we should resort to more information in search of a positive answer. 
One such possibility are non-trivial topologies. This proposition is partic-
ularly attractive, since it can allow for a suppression of power at low £, while 
having other effects on the CMB temperature fluctuations as well; effects that 
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could be visible in the temperature anisotropy correlation matrix. This would 
permit a statistical analysis using all the available data on the temperature 
fluctuations and give more accurate results than a mere power spectrum anal-
ysis. Furthermore, a non-trivial topology does not require any modification 
of the physics of CMB anisotropics and since the Einstein equations place no 
constraints on the topology of the Universe, a non-trivial topology would seem 
no less likely than the trivial one. 
Thus, our research carried us through a thorough investigation of the im-
prints of non-trivial topologies on the CMB temperature fluctuations. We 
focused on spherical multi-connected manifolds, since a slightly closed space 
is still consistent with the WMAP data and these spaces have received little 
attention compared to their flat or hyperbolic counterparts. We saw that the 
flniteness of space can produce a lack of power at large scales, which depends 
on the size of the fundamental domain of a particular topological space. More-
over, the symmetries of a topological space can be reflected on the temperature 
correlation matrix. If we make visualisations of its rows, we observe correla-
tions among various multipoles, which are all the more prominent for spaces 
with smaller fundamental domains and more complex topologies. However, 
we cannot determine to what extent a non-trivial topology leads to multipole 
alignment or has any other visible effects on the CMB temperature map. Some 
of our realisations do show such alignments, but we should bear in mind that 
any particular realisation could exhibit such features. In any case, our maps 
do not show any discernible patterns, so a search for topological signatures on 
the map itself should involve more subtle methods. 
We tested the statistical signiflcance of the topologies in question using 
both the temperature power spectrum and the correlation matrix, to show 
the effect of adding more information to our analysis. With regards to the 
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power spectrum, we find that non-trivial topologies are not preferred by the 
data if we assume a Gaussian prior on the Hubble constant centered in 72 
km/sec/Mpc. This is a consequence of the fact that these topologies require 
a relatively low HQ to fit the observations well. This becomes evident when 
we change to a flat prior on the curvature, which significantly increases the 
evidence for non-trivial topologies. In both cases the Truncated cube space is 
the most likely topology, but its Bayes factor is too small to give it a preference 
over the trivial, flat ACDM. However, when we use the 3-year WMAP data, 
where a different analysis technique has significantly raised the values of all 
low multipoles but the quadrupole, all topologies prove much less likely than 
the standard model. 
Things do not improve much when we run an analysis based on the correla-
tion matrix. The data prefer some lack of power but topologies with prominent 
structure in their correlation matrices are penalised. They only provide an ac-
ceptable fit in a small region of the parameter space and are disfavoured by our 
model comparison. Thus, it is the Quaternionic space, with the largest funda-
mental domain and the simplest topology, that has the highest Bayes factor. 
Here, a change in the prior slightly improves the chances of all models, but in 
all cases the evidence is too weak to turn the odds in favour of a non-trivial 
topology. 
Consequently, flat ACDM remains the most plausible model. Of course, 
this model itself has aspects that are purely phenomenological and lack a firm 
theoretical foundation (such as the cosmological constant) and is not a per-
fect fit to the data, so it provides by no means a definite description of the 
Universe. Furthermore, we should bear in mind that the non-trivial topolo-
gies we investigated sufiTer from our lack of a physical mechanism responsible 
for the generation of primordial perturbations and the assumptions we were 
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forced to make regarding the primordial power spectrum and, consequently the 
use of the geometrical degeneracy, might unjustly put them at a disadvantage. 
Moreover, there are also other avenues to explore and search for topological sig-
natures, such as the polarisation of the CMB, especially in anticipation of the 
high-precision measurements expected from the Planck satellite. The current 
data and our present theoretical formulations may disfavour these non-trivial 
topologies, but things could very well change in the future, as has happened 
time and time again in the course of our search for knowledge. 
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